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Foreword

This monograph is based on a series of 10 lectures at Ohio State University at
Columbus, March 23-27, 1987, sponsored by the Conference Board of the Math-
ematical Sciences and the National Science Foundation. The selection of topics
is quite personal and, together with the talks of the other speakers, the lectures
represent a story, as I saw it in March 1987, of many of the interesting things
that statisticians can do with splines. I told the audience that the priority order
for topic selection was, first, obscure work of my own and collaborators, sec-
ond, other work by myself and students, with important work by other speakers
deliberately omitted in the hope that they would mention it themselves. This
monograph will more or less follow that outline, so that it is very much slanted
toward work I had some hand in, although I will try to mention at least by refer-
ence important work by the other speakers and some of the attendees. The other
speakers were (in alphabetical order), Dennis Cox, Randy Eubank, Ker-Chau Li,
Douglas Nychka, David Scott, Bernard Silverman, Paul Speckman, and James
Wendelberger. The work of Finbarr O’Sullivan, who was unable to attend, in

tandine tha d
extending the developing theory to the non-Gaussian and nonlinear case will also

play a central role, as will the work of Florencio Utreras.

Now, a bit of background is given. The (univariate, natural) polynomial
spline s(x) = s™(x) is a real-valued function on [a,b] defined with the aid of n
so-called knots —coc <a <1 <z3 < ... <1z, <b < oo with the following prop-
erties: (i) s € 77!, z € [a,71], T € [z, ], (i) s € 7™~ z € [zi,zi41), & =
1,...,n—1, (iii) s € C?™~2, ¢ € (—00,00), where 7* is the polynomials of degree
k or less, and C* is the class of functions with k continuous derivatives. In words,
s() is a piecewise polynomial in each interval [a, z1], [zi, 241} i =1,2,...,n—1,
[, b] with the pieces joined at the knots so that s has 2m — 2 continuous deriva-
tives. It takes m coefficients to define s to the left of z;, m coeflicients to define
s to the right of z,, and (n — 1) 2m coefficients to define s in the (n — 1) in-
terior intervals for a total of 2mn coefficients. The continuity conditions (iii)
provide (2m — 1)n coefficients and (it can be shown that) the values of s(x) at
the n points (zy,...,,) then provide the remaining n coefficients to define s(x)
uniquely. Schoenberg (1964a, 1964b) considered the following problem. Find f
in the Sobolev space W,,, of functions with m —1 continuous derivatives and mth
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derivative square integrable, to minimize

b
f (F ()2 do (0.0.1)

subject to (iv) f(z;) = fi, ¢ = 1,2,...,n. He showed that, provided n > m, this
minimizer was the unique natural polynomial spline satisfying (i)-(iv). He called
this object a spline, due to its resemblance (when m = 2) to the mechanical spline
used by draftsmen. The mechanical spline is a thin reedlike strip that was used
to draw curves needed in the fabrication of cross sections of ships’ hulls. Ducks
or weights were placed on the strip to force it to go through given points, and
the free portion of the strip would assume a position in space that minimized
the (two-dimensional) bending energy. With m = 2, the quantity (0.0.1) is the
(one-dimensional) curvature. The terminology “natural” comes from the fact
that if (0.0.1) is replaced by

[ um@)y s

1

in the minimization problem then the solutions to the two problems will co-
incide in [z;,z,], with the solution to the latter problem satisfying the so-
called Neumann or “natural” boundary conditions fU)(z;) = f0)(z,) =0, j =
mm+1,...,2m — 1.

Statisticians are generally interested in smoothing rather than interpolating
data. Consider the data model

v = flzi)+e, i=1,2,...,n (0.0.2)

where € = (€1,...,€n) ~ N(0,02]) and f is only known to be “smooth.” Con-
sider, as an estimate of f, the solution to the following minimization problem.
Find f in W, to minimize

I b
%Z(y" —f@:)* + A / (£ (2))* d, (0.0.3)

v a

for some A > 0. This expression represents a tradeoff between fidelity to the
data, as represented by the residual sum of squares, and “smoothness” of the
solution, as represented by the square integral of the mth derivative. It was
again shown by Schoenberg that the minimizer is a natural polynomial spline. It
no longer interpolates the noisy data y = (y1,...,¥n), but smoothes it, with the
smoothing parameter A controlling the tradeoff between fidelity and smoothness.
It is data smoothing problems such as (0.0.3) and their myriad variations that
we will be interested in, in this monograph.

Numerical analysts who were typically interested in exact data soon
found wonderful things to do with spline functions, because of their ease
of handling in the computer coupled with their good approximation theo-
retic properties. As an example of a good approximation theoretic prop-
erty, suppose f is a function with m — 1 continuous derivatives on [z1,T,],
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Lot (f™(x))?dr < c® and max|z;4; — z;} < h; then the natural spline of

interpolation sy that interpolates to f at x,,...,T,, satisfies

b 1/2
sup |7 (z) — 5§ (x)| < const. [h|™* [J/ (f("‘)(w))zdw] ,

me[zlamm] ;
k=0,1,...,m—1,

with even higher rates of convergence if further conditions are imposed on f (see
Schultz (1973a,b)). Other important references on splines from the point of view
of numerical analysis with exact data are Golomb and Weinberger (1959), de-
Boor and Lynch (1966), deBoor (1978), Schumaker (1981), Prenter (1975), and
the conference proceedings edited by Greville (1968) and Schoenberg (1969).
We will not concern ourselves with exact data here, however. Returning to noisy
data, a discrete version of problems such as (0.0.3) were considered in the actu-
arial literature under the rubric graduation by Whittaker (1923), who considered
smoothing y1,. .., yn discretely by finding f = (fi,..., frn) to minimize

n—3
%Z(yi = £+ A (fies = 3fisz + 3fi — i)
i=1

Here we will primarily be concerned with estimating functions f defined on
continuous index sets (as opposed to vectors) and will only mention in passing
recent related work by Green (1985, 1987), Green and Yandell (1985), Green,
Jennison, and Seheult (1983, 1985), and Steinberg (1983, 1984a,b) in the discrete
setting. Steinberg’s work relates some of the present results to the work of the
English Bayesian school.

The first generalizations of (0.0.3) that are of interest concern the replace-

ment of [ *(#™™)(z))2 dx with more general quadratic penalty functionals, for

example fab(Lm f)%(z) dz, where L, is an mth order differential operator sat-
isfying some conditions, and the replacement of the ewvaluation functionals
f(z;),i = 1,2,...,n by more general observational functionals L;f, where L;
is a bounded linear functional on an appropriate space, for example,

b
Lif = / wi(z)f(z) de,

or
Lif=f I(:L'z')-

Characterization of the solution to these generalized variational problems and
more abstract variational problems was given in Kimeldorf and Wahba (1971).
Historically that work is very close to that of Golomb and Weinberger (1959)
and deBoor and Lynch (1966), and later work on characterizing solutions to vari-
ational problems arising in smoothing has, I believe, been made easier by the
variational lemmas given there. George Kimeldorf and I also demonstrated the
connection between these variational problems and Bayes estimates in Kimeldorf
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and Wahba (1970a,b), thus leading the way to showing that smoothing splines
possess a double whammy—good approximation theoretic properties for models
(0.0.2) and its generalizations, both when f is a fixed “smooth” function with
certain properties, and when f is considered to be a sample function from a
stochastic process. This connection between Bayes estimation and variational
problems has its historical roots in the work of Parzen (1962, 1970). This work

was done when George and 1 were both visitors at the Mathematics Research
Center at the University of Wisconsin-Madison and we benefited from the stim-

Naivoa VaAT LA VoA OAVY ARSI VARG RISV AL Galla WY 22T A VAL 220200 AN oLl

ulating atmosphere created there by Profs. Schoenberg, Greville, deBoor, and
numerous visitors, including Larry Schumaker.

The formulas in Kimeldorf and Wahba (1971) were not very well suited to
the computing capabilities of the day (they were essentially impractical) and
the work did not attract much attention from statisticians. In fact offshoots of
these papers were rejected in the early 1970s by mainstream statistics journals
as being too “far out.” Possibly the first spline paper in a mainstream statistics
journal is the paper on histosplines by Boneva, Kendall, and Stefanov (1971).
That paper lacks a certain rigor but certainly is of historical importance. Even
well into the mid 1970s not very much was seen about splines in the statis-
tics literature although the approximation theoretic literature was growing by
leaps and bounds. In the later 1970s a number of things happened to propel
splines to a popular niche in the statistics literature-—computing power became
available, which made the computation of splines with large data sets feasi-
ble, and, later, inexpensive; a good data-based method for choosing A became
available, and most importantly, splines engaged the interest of a number of cre-
ative researchers, notably including Bernard Silverman and some of the other
speakers. Simultaneously the work of Duchon (1977), Meinguet (1979), Utreras
(1979), Wahba and Wendelberger (1980), and others on multivariate thin-plate
splines led to the development of a practical multivariate smoothing method,
which (unlike the univariate spline) had few real competitors in the so-called
“nonparametric curve smoothing” literature. Thin plate splines and “kriging”
estimates, another multivariate smoothing method, are closely related (see Sec-
tion 2.4 and Chapter 3). There rapidly followed splines and vector splines on the

sphere, partial splines and interaction splines, variational problems where the . —

data are non-Gaussian and where the observation functionals are nonlinear, and
where linear inequality constraints are known t6 hold. AlSfg with these general-
izations came improved numerical methods, publicly available efficient software,
numerous results in good and optimal theoretical properties, confidence state-
ments and diagnostics, and many interesting and important applications. The
body of spline methods available and under development provide a rich family of
estimation and model building techniques that have found use in many scientific
disciplines. Today it is hard to open an issue of the Journal of the American
Statistical Association, the Annals of Statistics, or the Journal of the Royal Sta-
tistical Society without finding the word “spline” somewhere. It is certainly a
pleasure to be associated with such a blossoming and important area of research.

The variational problems that we will be discussing can be treated from a
unified point of view as optimization problems in a reproducing kernel Hilbert
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space. We will assume that the reader has a knowledge of the basic properties
of Hilbert spaces of real-valued functions including the notion of bounded lin-
ear functional and the Riesz representation theorem. This background can be
obtained by reading the first 39 pages of Akhiezer and Glazman (1963) or the
first 34 pages of Halmos (1957). We will review the properties of reproducing
kernels (r.k.’s) and reproducing kernel Hilbert spaces (r.k.h.s.’s) that we need.
For further background the reader may refer to Aronszajn (1950). Although
many of the results here can be obtained without the Hilbert space machinery
(in particular, Schoenberg used mainly integration by parts), the fact that the
solution to all of the quadratic optimization problems we discuss can be char-
acterized in terms of a relevant reproducing kernel saves one from proving the
same theorems over and over in different contexts. The r.k. in its reincarnation
as a covariance also provides the crucial link to Bayesian estimation. Under a
variety of circumstances the convergence rates of the various estimates can be
related to the rate of decay of the eigenvalues of the reproducing kernel and
the Fourier-Bessel coefficients of the function being estimated with respect to

+h [ R T+ + that 1 1 H
the eigenfunctions. [ trust that the manuscript will be accessible to a second or

third year graduate student in statistics who has read the aforementioned parts
of Akhiezer and Glazman (1963) or Halmos (1957). I would like to assure the
reader that the effort to master the basic properties of r.k.h.s., which regrettably
are not part of the graduate statistics curriculum at many institutions, will be
worth the effort.

All of the splines that we discuss in this book may be obtained as solutions
to variational problems. We remark that there is a rich theory of multivariate
piecewise polynomial splines that do not arise naturally as the solution to a
variational problem. These splines are beyond the scope of the present work.
The reader is referred to Hollig (1986) or Chui (1988).

The conference (and by extension, this monograph) was made possible by
Prof. Sue Leureans. who persuaded the National Science Foundation to sponsor

AUT AU UL AN, WAl AU SRAGRRATAL VAT AR GRLAVAIGRS WRARLIAS SRR GRAVLL VR o ll0N

the conference and whose superb organizational skills induced many of the active
researchers in the field to attend; some came from great distances. She provided
a flawless ambiance for scientific interaction, and made sure that the speaker got
her homework done in time. Thanks are also due to the warm hospitality of Prof.
and Mrs. Jagdish Rustagi, and other members of the Statistics Department at
Ohio State University.

Of course very few researchers work in a vacuum, and the work of mine that is
presented here owes much to nearly 20 years of a stimulating and supportive en-
vironment in the Statistics Department at the University of Wisconsin-Madison,
and before that as a graduate student at Stanford University. Manny Parzen, my
thesis advisor there, will recognize some of the introductory material from his
class notes. For many years my research in splines was supported by the Office
of Naval Research while Ed Wegman was Director of Probability and Statis-
tics and then Director of Mathematics there. While managing a large program,
Ed himself made some important contributions to the development of splines in
statistics while prodding me on (see Wegman and Wright (1983)). My work on
splines has more recently been supported by the National Science Foundation,
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and at present by the Air Force Office of Scientific Research. This support has
been, and continues to be, invaluable.

September 1987

Unfortunately, we must tell the dear reader that many months passed from
the writing of the first draft until the completion of the book. In that titne the
literature has continued to increase at an impressive rate. We have included brief
mention of a few important topics for which results have become available since
the CBMS conference. These include system identification, interaction splines
and numerical methods for multiple smoothing parameters, and experimental
design with noisy data (Sections 9.7, 10.1, 10.2, 11.3, 11.4, and 12.2).

I thank my patient typist, Thomas F. Orowan, S. Gildea and P. Cheng, who
graciously provided LaTex macros, Jim Bucklew, Su-Yun Chen, Zehua Chen,
Feng Gao, Chong Gu, Bill Studden, and Dave Reboussin, who helped proofread,
and C. David Callan, for listening.

April 1989



CHAPTER 1
Background

1.1 Positive-definite functions, covariances, and reproducing kernels.

We begin with a general index set 7. Examples of T that are of interest follow:

7 = (1,2,...,N)

T = (...,-1,0,1,...)

T = [0,]]

T = E¢ (Euclidean d-space)

T = § (the unit sphere)

T = the atmosphere (the volume between two concentric spheres),

etc. The text below is generally written as though the index set were continuous,
but the discrete examples are usually special cases. A symmetric, real-valued
function R(s, ) of two variables s,t € T is said to be positive definite if, for any
real ay,...,an,and t,,...,t, €T

Z a;a; R t,,t >0,

1,5=1

and strictly positive definite if “>” holds. If R(:,-) is positive definite, then we
can always define a family X (t), ¢t € T of zero-mean Gaussian random variables
with covariance function R, that is,

E X(s)X(t) = R(s,t), s,teT. (1.1.1)

All functions and random variables in this book will be real valued unless
specifically noted otherwise.
The existence of such a well-defined amﬂ of random variables in the

continuous case is guaranteed by the Kolmogorov consistency theorem (see, e.g.,
Cramer and Leadbetter (1967, Chap. 3)). Given a positive-definite function
R(-,-) we are going to associate with it a reproducing kernel Hilbert space
(r.k.his.). A (real) r.k.hs. is a Hilbert space of real-valued functions on 7 with

the property that, for each ¢ € T, the evaluation functional L,, which associates

1
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fwith f(t), Lyf — f(t), is a bounded linear functional. The boundedness means
that there exists an M = M, such that

|Le f| = |f(t)] < M||f|| for all f in the r.k.h.s.,

where || - || is the norm in the Hilbert space. We remark that the familiar Hilbert
space L2[0, 1] of square integrable functions on [0, 1] does not have this property,
no such M exists, and, in fact, elements in £5[0, 1] are not even defined pointwise.

If H is an r.k.h.s., then for each ¢t € 7 there exists, by the Riesz representation
theorem, an element R; in H with the property

Lif =< Ry f>=f(t), [feH. (1.1.2)

R; is called the representer of evaluation at ¢. Here, and elsewhere, we will use
< +,» > for the inner product in a reproducing kernel space. This inner product
will, of course, depend on what space we are talking about. This leads us to the
following theorem.

THEOREM 1.1.1. To every r.k.h.s. there corresponds a unigue positive-
definite function (called the reproducing kernel (r.k.)) and conversely, given a
positive-definite function R on T x T we can construct a unique r.k.hs. of
real-valued functions on T with R as its r.k.

The proof is simple. If H is an rk.h.s., then the rk. is R(s,f) =
< Ry, Ry >, where for each s,t, R, and R; are the representers of evaluation at

s and t. R(-,-) is positive definite since, for any ¢1,...,¢t, € T, a1,..., Gy,
Zaiaj R(t,‘,tj) = Zaiaj < Rt,'aRtj >
%] t,j
= ||Eathj ”2 > 0.

Conversely, given R we construct H = Hp as follows. For each fixed t € T,
denote by R; the real-valued function with

Ri(-) = R(t,-). (1.1.3)

By this is meant: R, is the function whose value at s is R(¢, s). Then construct
a linear manifold by taking all finite linear combinations of the form

> aiRy, (1.1.4)
i
for all choices of n, aj,...,a,, t1,...,t, with the inner product
< Xa; Ry, EbJ st >= Z(libj < Rti,st >= Eﬂ,ibjR(ti,Sj).
ij
This is a well-defined inner product, since R is positive definite, and it is easy to
check that for any f of the form (1.1.4) < Ry, f >= f(t). In this linear manifold,

—m v PP SRR, | J

1orm convergence lmplies pointwise convergence, since

@) = f@I=| < fan=fiRe > | < | fa = fI 1Rl
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Thus, to this linear manifold we can adjoin all limits of Cauchy sequences of
functions in the linear manifold, which will be well defined as pointwise limits.
The resulting Hilbert space is seen to be the r.k.h.s. Hr with r.k. R.

R is called the reproducing kernel, since

< R;, Ry >=< R(s,:), R(t,") >= R(s,1).

We will frequently denote by Hg the r.k.h.s. with r.k. R, and its inner product
by < -+ >p or just < -+ > if it is clear which inner product is meant.
As a positive-definite function, under some general circumstances, R has an
eigenvector-eigenvalue decomposition that generalizes the eigenvector-eigenvalue
decomposition of a positive-definite matrix ¥, ¥ = I'DI” with T" orthogonal
and D diagonal. Below we will show why the squared norm | f||?2 = || f||% can
be thought of as a generalization of the expression f/'E~!f with f a vector
that appears in the multivariate normal density function with covariance . In
particular, suppose R(s,t) continuous and

ffR2(s,t)dsdt<oo. (1.1.5)
TJT

Then there exists an orthonormal sequence of continuous eigenfunctions,
Dy, g, ... in Lo[T] and eigenvalues A; > Ay > ... > 0, with

/ R(s,))®,(t)dt = A, ®,(s), v=1,2,..., (1.1.6)
T

R(s,t) = iz\,,@,,(s)@,,(t), (1.1.7)

/T[TRz(s,t) dsdt = ;Aﬁ < 00. (1.1.8)

See the Mercer—Hilbert-Schmidt theorems of Riesz and Sz.-Nagy (1955, pp. 242—
246) for proofs of (1.1.6)-(1.1.8). Note that if we rewrite this result for the case
7 =(1,2,...,N), then (1.1.6)-(1.1.8) become

R®, = A0,
R = TDI,

N
2 2
trace R = Ez\,,,
v=1

where R is the N x N matrix with ijth entry R(4,7), ®, is the vector with jth
entry ®,(j), D is the diagonal matrix with vvth entry A,, and T is the orthogonal
matrix with vth column ®,,.

We have the following lemma.
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LeMMA 1.1.1. Suppose (1.1.5) holds. If we let

fu :/ F(@)®,(1)dt, (1.1.9)
T
then f € Hgr if and only if
o0 r2
) J;_u (1.1.10)
v=1

and

1£ 17

(1.1.11)

>r|tM

Proof. The collection of all functions f with T(f2/),) < oo is clearly a
Hilbert space with || f||* = £(f2/),). We must show that R with

R(s,t) = XA, ®,(5)P,(t)
is its r.k. That is, we must show that R; € Hf{ and
<f,R>=f(t), feHr, teT

for R;(s) = R(t,s). Expanding f and R(t,-) in Fourier series with respect to
&, ®,,..., we have
3 A0u()
R(t,) ~ Y (Mo}
R, € Hf, since T, {8, (012 /A = 3, A ®2(1) = R(1,¢) < oo and
< f, Ry >=<f, R(t,") >= Zf,,{/\@(t}//\,,, teT
using the inner product induced by the norm in (1.1.11). But
Y AiNeL A = Zf,, (2) = f(b),
and the result is proved.

We remark that if we begin with R satisfying (1.1.5) and construct the Hilbert

space of functions with $7(f2/),) < oo, it is easy to show that the evaluation
functionals are bounded:

VA \ &

= NAIVERE G = 171l 1Rl

Au<I>3(t)

l IMS
e
I |M8
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We remind the reader of the Karhunen-Loeve expansion. Suppose R is a
covariance for which (1.1.5) holds, and let X(¢), t € 7 be a family of zero-mean
Gaussian random variables with EX(s)X(t) = R(s,t) = Y00 A, ®,(8)®,(t).
Then X (t),t € T has a (quadratic mean) representation

where X, Xo,... are independent, Gaussian random variables with
EX,=0, EX2=),
and

X,,=LX(3)‘I>,,(5)d3. (1.1.12)

The integral in (1.1.12) is well defined in quadratic mean (see Cramer and
Leadbetter (1967)). However, sample functions of X(¢), ¢ € T are not (with
probability 1) in Hpg, if R has more than a finite number of nonzero eigenvalues.
We do not prove this (see Hajek (1962a)), but merely consider the following

suggestion of this fact. Let
K
Xk(t) = X, 0,(t), teT,
then for each fixed ¢, X () tends to X(¢) in quadratic mean, since

ElXg(t) - X(t)|? = E| Z X, 0,0 = i A ®2(t) — 0

K+1 K+1
however,
K yo2
E|| X g (- “2= -XK=K——>OO as K — oc.

This very important fact, namely, that the assumptions that f € Hp and f a
sample function from a zero-mean Gaussian stochastic process are not the same,
will have important consequences later.

1.2 Reproducing kernel spaces on [0,1] with norms involving
derivatives.

We remind the reader of Taylor’s theorem with remainder: If f is a real- valued
m) ¢

function on [0, 1] with m — 1 continuous derivatives and f(™) € £5[0, 1], then we
may write

f(t)={2 f("’(O} {[ - f“'”() } (12.1)
vr=0
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where (z)4 = z for £ > 0 and (z)4+ = 0 otherwise. Let Bm denote the class of

functions satisfying the boundary conditions f»0y=0,v=01...,m—11If
f € By, then

1 _um—l
) = ]0 (t——)—+—f(m)(U)du

(m —1)!
= jfl Gm(t,u) f™ (u) du, say, (1.2.2)
0
where
Gm(t,u) = (t—u)P™H/(m— 1) (1.2.3)

G is the Green’s function for the problem D™ f = g, f € Bm, where D™ denotes
the mth derivative. Equation (1.2.2) can be verified by interchanging the order

of integration in f(t) = fg dtm-1 [, dtm_g...fcf‘ f™)(u)du. Denote by
W2 the collection of functions on [0, 1] with

{f: f€Bn, f, f’,...,f(m_l) absolutely continuous, M e L£,).

»

It is not hard to show that W2 is a Hilbert space with square norm ||f
JH(F™)(1))2 dt. We claim that W, is an rk.h.s. with r.k.

N2
- =

1
R(s,t)=/0 G (t,u)G (s, u) du. (1.2.4)

To show that the evaluation functionals are bounded, note that for f € We we
have

1
f(s) = j G5, w) £ (1) ds (12.5)

so that by the Cauchy-Schwarz inequality

1 1
P s, u)du (m)(u u
) < \/j G2, (s5,u)d \[fo(f (w)?d
= VR (s5s) lIfl

To show that R(:,-) is the rk. for W3 we must show that R(-) = R(Z,) is in
W2 and that < Ry, f >= f(t), all f € Wg,. But

1
Rt(v)zfo Gm(v,u)Gm(t,u) du

and hence R, is in W2,

(ﬂ-Rt) (v) = Gm(t,v),

oym



BACKGROUND 7

as can be seen by letting f = R, in (1.2.5). Thus

1
< f,Ry >=< Ry, f >=[ G (t,v) ™ (v) dv = f(2).
0

Now let ¢,(t) = t*"1/(v — 1)! for v = 1,2,...,m and denote the m-
dimensional space of polynomials of degree m — 1 or less spanned by ¢1,+ - ¢
as Hy. Note that D™(Hp) = 0. Since

(DF714,)(0) = 1, p=v
= 0, ‘u,:,éy, ,u,yzl,---,m,

Ho endowed with the squared norm

m—1
181> = > [(D*¢)(O0),
v=0
is an m-dimensional Hilbert space with ¢,..., ¢,, as an orthonormal basis, and

it is not hard to show that then the r.k. for Hy is

D dul(s)eu(t).
v=1
To see this, let Ry(-} = 31 ¢u(t)}o,(+); then

< Rt:¢a >= Z¢V(t) < ¢m¢a >= ¢)a(t)a a = 1, 21"'9m-

v=1

We are now ready to construct the so-called Sobolev-Hilbert space W,,;
Wi : Wa[0, 1) = {f: f,f,..., f™ 'absolutely contimious, f™ € £,}.

There are a number of ways to construct a norm on W,,. The norm we give
here is given in Kimeldorf and Wahba (1971) and has associated with it an r.k.
that will be particularly useful for our purposes. Different (but topologically
equivalent) norms on this space will be introduced below and in Section 10.2.
“Sobolev space” is the general term given for a function space (not necessarily
a Hilbert space) whose norm involves derivatives. For more on Sobolev spaces,
see Adams (1975). Each element in W, has a Taylor series expansion (1.2.1) to
order m and hence a unique decomposition

f=fot+ f1

with fo € Ho and f, € W2, given by the first and second terms in brackets
in (1.2.1). Furthermore, fol((Dmfo)(u))zdu = 0 and .7 [(D*f1)(0)]2 = 0.
Thus, denoting W2 by H,, we claim

Wi = Ho & H1,
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and, if we endow W,, with the square norm

m—1 1
111 = S UD*HOF + [ (D™ 1) (u)du
v=0 0

then Ho and H; will be perpendicular. With this norm, it is not hard to show
that the r.k. for W, is

R(s,t)=z¢>,,(s)qb,,(t)+/0 G (8,4) G (¢, 1) du
v=1

where G, is given by (1.2.3). The reproducing kernel for the direct sum of
two perpendicular subspaces is the sum of the r.k.’s (see Aronszajn (1950)). An
important geometrical fact that we will use later is that the penalty functional
In(f) = fol (f(™)(u))? du may be written

Ju(f) = 1P f I,

where P; is the orthogonal projection of f onto H; in W,,.

. el . .
We may replace D™ in fo (D™ £)? du by more general differential operators.
Let ay,aq,...,a,, be strictly positive functions with @;(0) = 1 and as many
k] LY ™ J LAV J

g @ SoUARAALS WY

derivatives as needed and let

1
L,=p~pt..pl.
a;  as Um
Also let
My = I (the identity)
M, = D-—l——
Qm
M, = D— pL

1 1
Mm—l = D-—!‘-—- D‘_"'D—‘“‘“’
az aj Am

and let wy,...,w,, be defined by
W (t) = am(t)

w2(t) = am(t) -/(; am—-l(tm—l)dtm—l

wm(t) = am(t) /0 amﬂl(tmml)dtm—l

tm-l t2
' [ (lm_g(tm_z) dtm_z e / (11(t1) dtl.
0 0
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Note that
(My—rw)(0) = 1,  u=v
= 0, p#v, pv=1.. m

The {w, } are an “extended Tchebycheff system” and share the following property

with the polynomials ¢y,..., ¢m. Let t1,...,¢, be distinct, with n > m; then

the n x m matrix T with ¢, vth entry w, (#;) is of rank m (see Karlin (1968)).
Now, let B, denote the class of functions satisfying the boundary conditions

(M, f)(0) =0, v=0,1,...,m—1,
and let G be the Green’s function for the problem Lo, f = g, f € By,. We have
feB,=>

(1) = am () ] et (brt) At

Jo

. .[0 " am—Z(tm—Z) dim—2:- /0 1 (me)(u) du
= [(Enp@dufan() [ at)dn (1.2.6)
0 u
/ GZ(tZ)dtZ"'/ am—-l(tm—l)dtm—l}

i tm—2

_ [0 G (t, ) (Lon f) () du,

where C:’In t,m) is equal to the expression in brackets in (1.2.6).

T o Yx70) SN o In 11 .t

Let W2 be the collection of functions on [0, 1] given by
{f: f€Bm, Mof, Mif,---,Mpm_1f absolutely continuous, L, f € La}.

Then by the same arguments as before, W,‘,’L is an r.k.h.s. with the squared norm
If% = fOI(me)z(u) du, and reproducing kernel

R(s,t) = fo G (8, 0)Gm(t, u) du.

Letting Ho be span {w1,...,wm} and H, be W,%, then letting Wy, be the Hilbert
space
W, =H

= n
T R )

P H,
oM,

we have that W,, is an r.k.h.s. with

£ = 3 1M £)(O) + ] (Lo f)? du
v=0 0
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and r.k.

1
o

Z_ w,,(s)w,,(t)+/ G (3,2)Gpm(t, u) du.

Furthermore, we have the geometrical relation
' 2
[ LtV au= P11, .

where P is the orthOg_;onal projection in Wm onto H;.
We have, for f € W,,, the generalized Taylor series expansion

F0 = S wnOMr )O) + [ Conlty 1) L))
v=1

We remark that W, and W, are topologically equivalent; they have the same
Cauchy sequences. Another topologically equivalent norm involving boundary
rather than initial values will be introduced in Section 10.2.

1.3 The special and general spline smoothing problems.

The data model associated with the special spline smoothing problem is
Ui = f(ti)""Ei, 1= 1,2,...,71, (131)

where t € T = [0,1], f € Wy, and € = (€1,-..,€,) ~N(0,0%I). An estimate of
[ is obtained by finding f € W, to minimize

% Z(yz — f(t:))? + )‘/ (™ (u))? du. (1.3.2)
i=1 0

The data model associated with the general spline smoothing problem is
yi=L;f+e, i=1,2,...,n (133)

where ¢ is as before. Now T is arbitrary, f € Hpg, a given r.k.h.s. of functions
on 7, and Lq,..., L, are bounded linear functionals on Hg. Hpg is supposed to
have a decomposition

Hr =Ho®H,

where dim Hg = M < n. An estimate of f is obtained by finding f € Hg to
minimize

1 n
=3 (i~ Lif? + AP S, (1.3.4)
i=1

where P, is the orthogonal projection of f onto H;, in Hp.
One of the useful properties of reproducing kernels is that from them one can
obtain the representer of any bounded linear functional. Let n; be the representer

for L;, that is, S T De the represer
<, f>=Lif, f€Hp.
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Then
7"},;(3) =< 1, Rs >= LiRs = L,;(.)R(S, ) (135)

where L;.) means L; is applied to what follows as a function of (-). That is, one
can apply L; to R(s,t) considered as a function of ¢, to obtain 7;(s). For example,
if L f = [ w;(u)f(u)du, thenn;(s) = [ w;(u)R(s,u)du, and if L, f = f'(t;), then
ni(s) = (0/0u)R(8, u)|y=¢,. On the other hand L; is a bounded linear functional
on Hp only if n;(-) obtained by n;(s) = L R(s,") is a well-defined element
of Hg. To see the argument behind this note that if L;f = 3, arf(¢¢) for any
finite sum, then its representer is 7, = >_,a; Ry,, and any 7; in Hg will be a
limit of sums of this form and will be the representer of the limiting bounded
linear functional. As an example, L;f = f'(¢;) a bounded linear functional in
Hpr = n; = limp_o(1/R)( Ry, 41 — Ry,), where the limit is in the norm topology,
which then entails that

0
5 Bt 8)le=e, = mi(s) with n; € Hp:

f®)(t;) can be shown to be a bounded linear functional in W,, for k =
0,1,...,m — 1. More details can be found in Aronszajn (1950).
We will now find an explicit formula for the minimizer of (1.3.4), which can

now be written

1 n
=S = <mif >+ A PSR (13.6)
1=1

THEOREM 1.3.1. Let ¢1,...,¢m span the null space (Hy) of Py and let the
n x M matriz Tpxp defined by

Tan = {Liqb!/ ?:1 3{_—1 (137)

be of full column rank. Then fx, the minimizer of (1.3.6), is given by

M n
= duby + Y cik (1.3.8)
v=1 i=1
where
& = P,
d=(d,...,dy) = (T'M™'T)'T'M™1y,
c=(c1,...,6n) = MY -T(T'M'T)y'T'M )y, (1.3.9)
M = Z+nll,
Y o= {<£h€] >}'

(Do not confuse the index M and the matrix M.)
Before giving the proof we make a few remarks concerning the ingredients of
the minimizer. Letting Hp = Ho ® H;, with Hy L H;, where

R(s,t) = R%(s,t) + R'(s,1)
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and R® is the r.k. for H,, a = 0,1, we then have

£i(t) =< &,Ry > = <Py, Ry >=<n;, PR >

= <, Ry >
= L;R} (1.3.10)

where R} is the representer of evaluation at ¢ in H;. We have used that the

nraiontinan P g anlfoadinaine Ihaivthareara

projection P is self-adjoint. Furthermore,
<&, & >=< i, & >
since < 7; — §;,&; >= 0, so that
< &,& >=Li&j = Ly Ly R (s, 1).

To prove the theorem, let the minimizer f) be of the form

M n
=3 dupu+ > cibitp (1.3.11)
v=1 i=1
where p is some element in Hp perpendicular to @y,...,dar, &1,-..,&n. Any

element in Hp has such a representation by the property of Hilbert spaces.
Then (1.3.6) becomes

~ly = (Se+ TP +A¢Se + o) (13.12)

and we must find ¢, d, and p to minimize this expression. It is then obvious that

lloll2 = 0, and a straightforward calculation shows that the minimizing ¢ and d
of

1
~lly = (Be + Td)|* + Ac'Ze (1.3.13)
are given by
d = (I'M™'T)"'T'M™ 1y, (1.3.14)
= M YI-T(T'MT) 1T MYy (1.3.15)

These formulae are quite unsuitable for numerical work, and, in fact, were
quite impractical when they appeared in Kimeldorf and Wahba (1971). Utreras
(1979) provided an equivalent set of equations with more favorable properties,
and another improvement was given in Wahba (1978b) with the aid of an
anonymous referee, who was later unmasked as Silverman. Multiplying the left
and right sides of (1.3.15) by M and substituting in (1.3.14) gives (1.3.16) and
multiplying (1.3.15) by T gives {1.3.17):

Mc+Td = vy, (1.3.16)
T'c = 0, (1.3.17)
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these being equivalent to (1.3.14) and (1.3.15).

To compute ¢ and d, let the QR decomposition (see Dongarra et al. (1979))
of T be

T=(Q1: Q) (‘g) (1.3.18)

where @1 isn X M and Q2 is n x (n — M), @ = (@1 : Q2) is orthogonal and R
is upper triangular, with T'Q2 = Oprx (n—p). Since T'c = 0, ¢ must be in the
column space of Qq, giving ¢ = Q2 for some v an n — M vector. Substituting
¢ = Q27 into (1.3.16) and multiplying through by @3, recalling that Q5T = 0,
gives

QMQy = Qby,

¢ = Qv =Q2QeMQ2) ' Qhy, (1.3.19)
and multiplying (1.3.16) by @ gives
Rd = Q\(y — Mc). (1.3.20)

r latar 11an n 1ins1nrman madnie S | TR D . I . PN Ay o
For later use the influence matrix A(A) will play an important role. A(A) is

defined as the matrix satisfying
Ly fa
: = ANy (1.3.21)
Lan
To obtain a simple formula for I — A(A) we observe by substitution in (1.3.11)
with p = 0 that
Lyifa
: =Td + Ze. (1.3.22)
Lan
Subtracting this from (1.3.16) gives

1
(I = ANy = rAc = nAQ2(QyMQ2) ™' Qhy
for any y, thus
I— A(\) = nAQ2(QoMQ2) ' Q5. (1.3.23)

Of course Q2 may be replaced by any n x {(n — M) matrix whose columns are
any orthonormal set perpendicular to the M columns of T. We will discuss
efficient numerical methods for computing ¢ and d in conjunction with data-
based methods for choosing A later.

For the special spline smoothing problem we will demonstrate that fy of
(1.3.8) is a natural polynomial spline. Here

Lif = f(&),
1
P2 = [0 (£ (w))? du,

1 ' (s — )t~ u)p!
Ro = | S




14 CHAPTER 1

and
&(-) = R'(-,ta).
It is easy to check that here

&() e m*™ !forsel0,t]
e a1 for s € [t; 1],

and
61() = CZm—2-
Thus
A = dug(t)+ D cbi(t) € 77 fort € [tn,1]
v=1 i=1

e 7™~ for t € [ti, tig1]
c CZm—Z-

We will show that the condition T'c = 0 guarantees that f € 7™~ for t € [0,24],

)
wn
S
—
@]
=
w
rry
[ 1
o
FAN
=t
=
a
&
)
=
-
B
B
Q
2
@
=+
=
a
+\l
=
=t
=
o
=3
]
B
=B
)
oy
=

FAY
)
=
o
=
]
=2
@

Z%(t):fo %Zci(ti—u)m_ldu, t < 1. (1.3.24)

But 37, c;tf = 0 for k= 0,1,...,m — 1 since T'c = 0, so that (1.3.24) is 0 for
t < t; and the result is proved.

We remark that it can be shown that limyx_. Jfr is the least squares
regression onto é1,...,¢a and limy—o fr is the interpolant to L;f = y; In
H that minimizes ||Pf]. The important choice of A from the data will be
discussed later.

1.4 The duality between r.k.h.s. and stochastic processes.

Later we will show how spline estimates are also Bayes estimates, with a certain
prior on f. This is no coincidence, but is a consequence of the duality between
the Hilbert space spanned by a family of random variables and its associated
r.k.h.s. The discussion of this duality follows Parzen (1962, 1970).

Let X(t), t € T be a family of zero-mean Gaussian random variables with
EX(s)X(t) = R(s,t). Let X be the Hilbert space spanned by X(t), t € T. This
is the collection of all random variables of the form

4 = Ean(tj) (1.4.1)

t; € T, with inner product < 723,722 >= EZ,Z,, and all of their quadratic
mean limits, i.e. Z is in X if and only if there is a sequence Z, 1 =1,2,...
of random variables each of the form (1.4.1), with limc E(Z — 2£)* =
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|Z — Z;]|]> — 0. Letting Hgr be the rk.hs. with r.k. R, we will see that
Hp is isometrically isomorphic to X, that is, there exists a 1:1 inner product
preserving correspondence between the two spaces. The correspondence is given
by Table 1.1. This correspondence is clearly 1:1 and preserves inner products,

TABLE 1.1
The 1:1 correspondence between Hp and X.

p: 4 Hp
X(t) ~ Ry
Ya;X(t;) ~ Za;Ry
lim¥a;X(t;) ~ lLmXa;R;,,.

since
‘ < X(5),X(t) >= EX(s)X(t) = R(s,t) =< Ry, Ry >

Let L be a bounded linear functional in Hp with representer 7. Then n is the
limit of a sequence of elements of the form Xa¢ R;,, by construction of Hg.
The random variable Z corresponds to 77 if Z is the (quadratic mean) limit of
the corresponding sequence of random variables Ya;, X (¢;) and we can finally
denote this limiting random variable by LX (although X & Hg and we do not
think of L as a bounded linear functional applied to X). Then EFZX(t) =
<n, Ry >=n(t) = LR;. Examples are Z = [w(t)X(t)dt and Z = X'(t), if they
exist.

We are now ready to give a simple example of the duality between Bayesian es-
timation on a family of random variables and optimization in an r.k.h.s. Consider
X(t), t+ € T a zero-mean Gaussian stochastic process with F'Y(Q\Y(f\ = Ri(s ﬂ

LAY 2] 24T G NFGUSTLGLL SUULLIGEUAL pPaVUTSS Waual /58 L2,

Fix ¢ for the moment and compute E{X (¢)|X(¢,) = z1,..., X(tn) = I,}. The
joint covariance matrix of X (t), X (¢1),..., X (¢s) is

R(t,t) R(t,t1),..., R(ttn)
R(t,t1)

: R,
R(t,t,)

where R, is the n X n matrix with ijth entry R(#;,t;). We will assume for
simplicity in this example that R,, is strictly positive definite. Using properties
of the multivariate normal distribution, as given, e.g., in Anderson (1958), we
have

E{X(t) | X(tz) = Ty, 1= 1,...,1’1,}

= (R(t,t1),...,R(t, ta)) Ry 'z = f(1), (1.4.2)

say. The Gaussianness is not actually being used, except to call f (t) a conditional
expectation. If f(¢) were just required to be the minimum variance unbiased
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linear estimate of X(t), given the data, the result f(t) would be the same,
independent of the form of the joint distribution and depending only on the
first and second moments.

Now consider the following problem. Find f € Hp, the r.k.h.s. with r.k. R,
to minimize ||f]|? subject to f(¢;) = z;, ¢ = 1,...,n. By a special case of the
argument given before, f must be of the form

n
f=zcj Ry, +p
=1

for some p L to Ry,,..., Ry, , that is, p satisfies < Ry;,p >= p(t;) =0, ¢ =

1,...,n. |[fl? = ¢ Rac+ ||p||? and so [|pl| = 0. Setting f(t:;) = 37_, ¢; Ry, (t:) =

xi, i=1,...,n gives £ = (z1,...,Zn) = Rpc, and so the minimizer is f given
by
Ry,
f=a R0 | =4,
Ry

which is exactly equal to f of (1.4.2)!
1.5 The smoothing spline and the generalized smoothing spline as
Bayes estimates.

We first consider

where W2 has the r.k.

Vis—uw)p! (t- u):'f—l

o (m-=1 (m—-1)

R (s, t) = du. (1.5.1)

Let

1 (t _ U)T—I
where W(-) is the Wiener process. Formally, X C By, D™X = dW =
“white noise.” X(-) is the m — 1 fold integrated Wiener process described
in Shepp (1966). We remind the reader that the Wiener process is a zero-
mean Gaussian stochastic process with stationary independent increments and
W (0) = 0. Stationary, independent increments means, for any s, 83, 83, 84, the
joint distribution of W(s2) — W(s1) and W(sq) — W{(sa) is the same as that of
W (so+h)— W(s) +h) and W(ss + h) — W(s3 + h), and, if the intervals (1, 82]
and [s3, $4] are nonoverlapping then W(ss) — W(s1) and W(ss) — W(s3) are
independent. Integrals of the form

/0 ) dW () (1.5.3)
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are defined as quadratic-mean limits of the Riemann-Stieltjes sums

> glu) (W (wga) — W (wy)) (1.5.4)

for partitions {u;,...,ur} of [0, 1] (see Cramer and Leadbetter (1967, Chap. 5)).
It can be shown to follow from the stationary independent increments property,
that E[W(u + h) — W(u)]?> = const. h, for some constant, which we will take
here to be 1. Using the definition of (1.5.3) as a limit of the form (1.5.4), it can

be shown using the independent increments property, that if ¢g; and g, are in
L£2[0,1], then

E /{; g1{u) dW (u) /0. gg(u)dW(u):-/(; g1(u)g2(u) du. (1.5.5)
Thus,

w7 (5w
(m —1)! (m — 1)!

1

EX(s)X(t) = / ( du = R'(s,t) (1.5.6)
0

and the Hilbert space spanned by the m — 1 fold integrated Wiener process is

isometrically isomorphic to W2.

We will consider two types of Bayes estimates, both of which lead to a
smoothing spline estimate. The first was given in Kimeldorf and Wahba (1971)
and might be called the “fixed effects” model, and the second might be called
the “random effects model with an improper prior,” and was given in Wahba
(1978b).

The first model is

m
F(t) = Y 60,6,()+b72X(t), telol1], (1.5.7)
v=1
Y, = F(ti)-i—e’,-, t=1,...,n.

Here 6 = (6,,... ,%)’ is considered to be a fixed, but unknown, vector, b is a
positive constant, X(t), ¢t € [0,1] is a zero-mean Gaussian stochastic process
with covariance R!(s,t) of (1.5.6), and € ~ N(0,0%I). We wish to construct an
estimate of F(t), t€ T, given Y; =y;, i =1,...,n.

An estimate F'(t) of F(t) will be called unbiased with respect to 8 if

E(F(t)|6) = E(F(1)|6).
(Here, ¢ is considered fixed.) Let F(t) be the minimum variance, unbiased (with

respect to #) linear estimate of F(t) given Y; = y;, i = 1,...,n. That is,

Fy=3 80w,

e

<
I
-

for some S3;(t) (linearity), and F(t) minimizes

E(F(t) - F(1))?
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(minimum variance) subject to
E(F(t)— F(t)|8) = 0 for all t € [0, 1).

We have the following theorem.
THEOREM 1.5.1. Let fx be the minimizer in W, of

s [ e

Then )
F(t) = fu(t)
with A = o?/nb.

Proof. A proof can be obtained by straightforward calculation (see Kimeldorf
and Wahba (1971)).

The general version of this theorem follows. Let H = Hy & H; where Hp is
spanned by ¢1,...,¢u, and H; has r.k. R'(s,t). Let

M
=" bugu(t) + 82X (1),
v=1

where 6 is as before and EX (s)X (t) = R!(s,t). Let L, ..., L, be bounded linear

funetionals on H; then Zﬂ’{:] 0. Li¢, is a well-defined constant and b*/2L; X is a
well-defined random variable in the Hilbert space spanned by X(t), t € 7. Let

Y;:LZF-‘I"E?,, 'I‘:=1,...,TL

where ¢ is as before. Here and elsewhere it is assumed that the n. x M matrix
T with ivth element L;¢, is of rank M (that is, least squares regression on

D1y .., PM 18 uniquely deﬁned) Let Ly be another bounded linear functional on
H. The goal is to estimate LoF (dgd.lll a weu—aennea random variable), given
Yi=1y;, :=1,...,n. Call the estimate LOF. Let LOF be the minimum variance,

linear, unbiased with respect to # estimate. Then
o — n
LoF = Z Bi¥;
j=1

where 8 = (f1,...,0n) is chosen to minimize
E(LoF — LoF)?

subject to
E[(LoF — LoF)|6] = 0.

We have the following theorem.
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THEOREM 1.5.2.
LoF = L()f,\

where f) is the minimizer in H of
1 n
- > (i = Lif)* + AP £
i=1

with A = o2 /nb.

This theorem says that if you want to estimate LoF, then you can find the
generalized smoothing spline f) for the data and take Lo fx as the estimate.

A practical application of this result that we will return to later is the
estimation of f/(¢) given data:

yi = ft;)+ €, i=12,...,n.

One can take the smoothing spline for the data and use its derivative as an
estimate of f’.

The second, or “random effects model with an improper prior,” leads to the
same smoothing spline, and goes as follows:

M
F(t) = Y 6udu(t) + 02X (1), (1.5.8)
v=1
Y; = LiF +¢,

where everything is as before except 6, which is assumed to be A'(0,al), and we
will let a — oc.

TuEOREM 1.5.3. Let

F,(t) = B(Ft)|Yi=wi, i=1,...,n)

and let f) be the minimizer of

n

=S = Lef)? + AR

i=1
with A = 0% [nb. Then, for each fized t,
lim Fy(t) = fa(t).

To prove this, by the correspondence between Hp: and the Hilbert space
spanned by X(t),t € T, we have

E(L;X)X(t) = LisR'(s,t)=&(t),
EL;XL;X = LjgoLjpR'(s,t) =<&,& >
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Then, letting Y = (Yy,...,Y,)’, we have

p1(t) £1(t)
EF,(t)Y =aT ; + b : ,
dar(t) &n(t)
EYY' =aTT' +b% + 0?1 (1.5.9)

where T and ¥ are as in (1.3.7) and (1.3.9).
Setting A = 02/nb, n =a/band M = ¥ + nAl gives

E(F.MY =y) = (p1(8),- . du(t)T' (T + M)y
+ (E1(t)y -, En(ENTT' + MY 'y, (1.5.10)

Comparing (1.3.14), (1.3.15), and (1.5.8), it only remains to show that

lim gT'(nTT' + M)~ = (T'M )" 1T' M~} (1.5.11)
n—oo
and
lim (pTT + M) ' =M1~ T(T'M™'T)'T'M™1). (1.5.12)

Tj— 00

It can be verified that

(yTT + M)~
_ M - MO MY T4 T M) T TM Y,

expanding in powers of 5 and letting 5 — oo completes the proof.



CHAPTER 2
More Spiines

2.1 Splines on the circle.

Splines on the circle can be obtained by imposing periodic boundary conditions
on splines in W,,, but it is more instructive to describe splines on the circle
from the beginning since the eigenfunctions and eigenvalues of the associated

reproducing kernel have a partlcularly simple form.
Let W2 (per) be the collection of all functions on [0,1] of the form

o0 oo
f(t) ~ \/§Z a, cos 2wt + \/§Z b, sin 2wt
v=1 v=1

with

3 (a2 + v3)(27)*™ < . (2.1.1)
Z
p=]

Since

dm i
cos 2mut, 1= (2m)™ x ! + sin 27yt

—— . (2mv) S (2.1.2)
dtm | sin2wvt | Lcos2mvt | '
then if (2.1.1) holds, we have
Z(a + b%)(2mv)? / (f™(u))? du. (2.1.3)
v=1
It is easy to see that the r.k. R'(s,t) for W2 (per) is
R'(s,t) = Z — [cos 2mvs cos 2mut
u=1
+ sin 27 s sin 2w wt] (2.1.4)
= Z — cos 2mv(s — t). (2.1.5)

—

<

The eigenvalues of the reproducing kernel are all of multiplicity 2 and are
A, = (27v)7?™, and the eigenfunctions are V2 sin27vt and V2cos2wut.

21
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Elements in W2 (per) satisfy the boundary conditions

folf(u)du - o,

1
/ FR (ydy = fED) = fED0) =0, (2.1.6)
0 R
k=1,....m

To remove the condition fol f(u)du = 0, we may adjoin the one-dimensional
subspace Hg spanned by {1}, and let

Win(per) = {1} @ W3 (per).

W (per), endowed with the norm

12 = [ [ s dur + [

has the r.k.
d 1
_ 1 —
R(s,t) =1+ R(s,t) = 1+2;Wc052ﬂv(s—t). (2.1.7)

W, (per) is the subspace of W,, satisfying the periodic boundary conditions
FO(1) = F9(0), ¥ =0,1,2,...,m — L.

A closed form expression for Rl(s t) of (2.1.5) using Bernoulli polynomials
was given by Craven and Wahba (1979). Recall that the Bernoulli polynomials
B.(t), r=0,1,..., t € [0,1] satisfy the recursion relations

Bo(t) =1

1 1
-iB ) = Bia(t), [ Be(w)du=0,7=12,....
T JO

Abramowitz and Stegun (1965) give the formula

cos 2TV
Bam() = (=1)"7'2(2m) 'Z Gy €011
so that R® of (2.1.5) is given by
1™ 1
R'(s,t) = (Tz)nTBzm([s — 1))

where [s — t] is the fractional part of s —t. R'(s,t) is a stationary covariance
on the circle, whose associated stochastic process X (t), t € [0, 1] possess exactly

— 1 quadratic-mean derivatives and satisfies D™ X = dW, and the periodic
boundary conditions X (0) = X®™(1), v=0,1,2,...,m - L.
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It is instructive to look at the “frequency response” of the smoothing spline
in this case. Let n be even and consider

yi=f(;)+6i, i=1,2,...,n

with f € W, (per) and ¢ as before. To simplify the argument, we will look at
an approximation to the original minimization problem, namely, find f, of the
form

n/2—1 n/2—1
i) =ao + Z a,,\/icos 2mvt + Z b,,\/isin 2mvt + ap g cosnt  (2.1.8)
v=1 v=1

to minimize
1 n i 2 1 )
il yi — - + u u. 1.
2 (w-1(5)) +r ) vy (219

Using the orthogonality relations

2 n . .
—Zcos21wicos21r,ui = 1 p=v=1,...,n/2-1,
n = n n
= 0 p’%”a ,U,,V=O,1,...,n/2,
gisin%’yisinZw L 1 =v=1 n/2 -1
n 4 n ﬂ’n - H= Bt A ’
1=1
1 n i 2
—Z(cos%‘u—) = 1, v=0,n/2,
n 4 n
1=1
1 & i P
—Zcos27rv—31n27rp— = 0 P,
n & n n
we have
z = 1
a, = —ZCOSZ?TV—f(;), v=12...,n/2-1,

ag

Il
S| -
[~
—,
TN
3| =
SN——

1 )
Anj2 = \';Zcosmf(;),

and letting
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. [2 < . g
b, = - Z Ui sm27ru;,
i=1
. 1<
ay = n Z Yi»
i=1
1 n
Anj2 = \/;Zyg cos 7t,
V=

(2.1.9) becomes

nf2-1

n/2 nf2-1

A i m 1 m
Yla-a)+ Y, (bu—bu)2+/\[ 3 (0} + ) @nw)*™ + Sal (mn)? ]
v={_) v=1 v=1

The minimizing values are

a, = au/(1+ A(27v)2™),
v=12,...,n/2 -1,
b, = Bu/(l + A(Zﬂ'y)2m),
ag = agp,
Qnj2 = a"n/2/(}- + %)\(27”/)2”"'),

and
n/2—1 .
ay

H(t)=ao+ VZ=1 T NZro)P) cos 2nvt

nf2-1 i)
= in 2nvt
+ ,,; 1+ AE2moem) sin 27y
+ n/2 oswnt

(1 + IA(mn)em)

Thus, the smoothing spline obtained with the penalty functional
fol (f(™)(u))? du may be viewed as a generalization of the so-called Butterworth
filter, which smooths the data by downweighting the component at frequency v
by the weight w(v) = (1 + A(27v)?™)~ 1.

2.2 Splines on the sphere, the role of the iterated Laplacian.

We will see that the iterated Laplacian plays a role in splines on the circle, the
sphere, the line, and the plane and other index sets on which the Laplacian
operator commutes with the group operation. In d dimensions the Laplacian is

o? o? 0?
Af_(Ex—%+5z—§+"'+é}_3)f (2.2.1)
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and the (surface) Laplacian on the (unit) sphere is

1
cos? ¢ COS¢,(COS dfe)s (2.2.2)

N TSR DN I DRI [ S o S I, B . Y W T N} P TR SN 1 s Iy - 4 - 7SN
WHETEe U 15 Lhne longitude (U = 0 X 47} and ¢ Is thie latitude (—7/2 S ¢ < 7w/ 2).
Here we use subscripts 8 and ¢ to indicate derivatives with respect to 8 and ¢, not

to be confused with a subscript A that indicates dependence on the smoothing
parameter A. On the circle we have

32

Af =]

and if f € W,,, (per) then we can integrate by parts to obtain
1
[um@ra = o [ e
0

J Wy LeLed

1
= )™ [ fu)A™F(u) du. (2.2.3)
Jo

The eigenfunctions {v2cos2mvt, v/2sin27vt} of the r.k. R! of W,, (per) are
the eigenfunctions of the mth iterated Laplacian A™ on the circle, while the
eigenvalues {A, = (27v)72™} are the inverses of the eigenvalues of A™:

A", = (—1)™(21v)*™d,,

that is,
D?*™ cos 2nvt = (—1)™(270)*™ cos 2mut,
D*™ sin2nvt = (~1)™(2nv)*™ sin 27 vt.

The generalization to the sphere is fairly immediate. The eigenfunctions

of the (surface) Laplacian on the sphere are the spherical harmonics Yz, s =
—£,....¢, £=0,1,..., where
Yis(6,¢) = 6iscoss0Pf(sing), 0<s<¥¢, £=01,...
= fgssin sBPJ’I(sinq&), -£<s<0
BeoPr(sing), s =0
where

3 20 +1 (£~ |s|)!
O, = \/'\/ I $£0

471"

Py, £=0,1,... are the Legendre polynomials and P; are the Legendre functions,

Pi(2) = (1= (5 ) Pia)
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The spherical harmonics are the eigenfunctions of the mth iterated Laplacian,
A"Yy = (=) + D)"Y, s=—4,...,¢, £=0,1,... (2.2.4)

and provide a complete orthonormal sequence for £2(S), where S is the unit
sphere (see Sansone (1959)).
Let P = (6, ¢) and let

Rer)y = 1+ Y Y | Yo )

= 14 RY(P,P), say. (2.2.5)
Letting
=ff(P)}QB(P)dP
S

the Hilbert space H with r.k. R of (2.2.5) is the collection of all functions on the
sphere with foo < oo and

oo ¢
1P = Z Z, 68+ 1)™

j(A’"/?f)2 dP < oo. (2.2.6)
8

Splines and generalized splines on the sphere have been studied by Wahba (1981d,
1982a), Freeden (1981), and Shure, Parker, and Backus (1982).

There is an addition formula for spherical harmonics analogous to the
addition formula for sines and cosines

cos 27 s cos 2rvt + sin 27vs sin 2wt = cos 2w (t — s),

it is
27 +

Pg(COS ¥(P, P")) (2.2.7)

where v is the angle between P and P’ (see Sansone (1959)). Thus RY(P,P’)
collapses to

R(P,P) =3} 234: : [e(e : Ty Feleos 7 (P, P)), (2-2.8)
=1

with the stationarity (dependence only on y(P, P’)) being evident. Closed form

expressions for R' for m = 2 and (in terms of the dilogarithms) for m = 3 were
given by Wendelberger (1982), but it appears that closed form expressions for

3 [g(;z:l‘;]m Py(2) (2.2.9)
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are not available for larger m. Reproducing kernels Q! that approximate R! for
m = 2,3,..., and for which closed form expressions are available have been found
in Wahba (1981d, 1982a). The eigenvalues Ays = (£(£ + 1))™™ that appear in
(2.2.5) and (2.2.8) are replaced by £es = [(£+ 3)(£+1)(€+2)... (£ +2m —1)]"L,

tn oot
LIR W b‘.lu

QUP,P'Y = D ) &Y (P)Yy(P)
=1 s8=—-¢
- 1y ! P PP
- 2_;:: [ +2).. (Er2m=1) sV
Since

f@s S Ais S mzm‘flsa
Ql j Rl j m2mQ1

where A % B means B — A is nonnegative definite, and Hg: and Hp: are
topologically equivalent. Closed form expressions for Q! for m = 2,5/2,3,...,
were obtained via the symbol manipulation program MACSYMA.

Another way of computing an approximate spline on the sphere, given noisy
data from the model

Y: = f(Pi) + €,
is to let f be of the form

N [4
f = foo+ Z Z fesYes, (2.2.10)

=1 s=—¢

n N £
% (y,-—z > fesYes(Ps ) +AZ Z[(e £+ 1)]% (22.11)

=1 s=—¢

Arranging the index set {(¢, s)} in a convenient order, and letting f be the vector
of fes and X be the matrix with 7, £sth entry Yy (P;), we have that (2.2.11)
becomes

“lly - XSI? +A7'Df (22.12)

where D is the diagonal matrix with £s, £sth entry [(£)(£+1)]”™. The minimizing
vector fy is

Methods of computing fy for large n and N will be discussed later. Splines on the
sphere have found application to the interpolation and smoothing of geophysical
and meteorological data. Historical data can be used to choose the Ay, (see, for
example, Stanford (1979)).
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2.3 Vector splines on the sphere.

Vector splines on the sphere, for use in smoothing vector fields on the sphere
(such as horizontal wind, or magnetic fields), can also be defined. Let the vector
field be V = (U, V) where U = U(P) is the eastward component and V = V(P)
is the northward component at P. By the Helmholtz theorem, there exist two
functions ¥ and ® defined on S, called the stream function and the velocity
potential, respectively, with the property that

1 oy 1 0®
U=3 (“% + cos¢‘5“é‘) ’ (2.31)

YRR
" a\cosgp 88 ' 9p )’

where a is the radius of the sphere. Furthermore, letting the vorticity ¢ and the
divergence D of V be defined (as usual) by

1 0 ov
¢ = acos ¢ I:—%(U COS¢) + %:I , (232)
1 [8U & 1
D= —— | — 4+ —
@ COS ¢ [69 + 8¢(VCOS¢)] ’
we have
¢(=AT¥, D=AD, (2.3.3)
where now the (surface) Laplacian on the sphere of radius a is
Af*«l- : Joo + 1(os fo) 2.3.4)
~ a? cos? ' cos<;/>C 1) | - (2.3.

¥ and ® are uniquely determined up to a constant, which we will take to be
determined by

r r
j ¥(P)dP =j &(P)dP = 0. (2.3.5)
S S
Given data (U;, V;) from the model
U = UWP)+Y, i=1,2,...,n, (2.3.6)
Vi = V(P)+¢

where the e? and EZV are random errors, one can define a vector smoothing spline
for this data as Vs = (U s, Va,5) where

1 0¥, I 0%y

Uns = a ( O + cos¢p Of ) ’ (2.3.7)
_ 1 1 B\P,\’g 0Py

Vae = a (cos¢> 58 " ¢ )’
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and ¥, s, P, s are the minimizers of

(o[ n]) s

1< 1] 1 8v o 2
ta (Vi a [cow%”’” * ‘5;;("’*')])

i=1

A US(A“/? )2dP + - . /(Am/2c1>) dp]

A™/2 can, of course, be defined for noninteger m/2. If

¥~ Z ‘Ijlsns
]

then
A™20 SR + D2,
is
whenever the sum converges in quadratic mean.
An approximation to the minimizer of (2.3.8) may be obtained by letting ¥
and & be of the form

astEs, (239)

Now let X, be the matrix with 7,/sth entry (8/8¢)Yes(P)|p=p, and X
be the matrix with ,/sth entry (1/cos¢)(8/00)Ys(P)lp=p,, and let U =

. a A (D9 Q)
(LTI’ ey U‘n)’ Vo= (‘V’l, ey ‘vn}, then \£.0.0) DECOoInes

1
—||U — —(=Xia + X28)|?
n a

PV - 2(X0 + K1)

+A [a’Da + %H’Dﬁ]

where D is as in (2.2.12).
Given the noisy data U and V, one may estimate the vorticity and divergence
as

N £

ATys = > Z (£ + 1)ap’Ye,

ﬂ_

=

ADy, = Y Zf(f-&-l B Yas

=1 s=—¢
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where a*® and g*¢ are the minimizing values of o and 8 in (2.3.10). This

method was proposed in Wahba (1982b); see also Swarztrauber (1981).

2.4 The thin-plate spline on E“.

The theoretical foundations for the thin-plate spline were laid by Duchon (1975,
1976, 1977) and Meinguet (1979), and some further results and applications to
meteorological problems were given in Wahba and Wendelberger (1980). Other
applications can be found in Hutchinson and Bischof (1983) and Seaman and
Hutchinson (1985). In two dimensions (d = 2, m = 2, f = f(x1,x2)), the
thin-plate penalty functional is

Jo(f) = ] ] 2 22+ 2, doda (24.1)

and, in general,

S0 (ts) et s

For d = 3, m = 2, the thin-plate penalty functional is

e o] o o]
Jz(f) = f f (f:rzl:rl + fmzz.'rz + f.1223.'r3 + 2[f121:r2 + f.'gl.'rg + f.'gz:l:a]) d:l’.l d.'L'z d:L.S
—00 v —00

(2.4.3)
and the form for general d, m is
Im(S) Z al'...ad!/ ]
a1+...tag=m - —00
o™ f 2
\om o I1 dz. (2.4.4)
J

o™ f o™y
(3w?l e da:gd) (Bx‘l’l ) ,_axfi’d) 1;_[ dz;, (2.4.5)

we note that a formal integration by parts results in

<f,g>=/_:..f_°:of-amg+s, (2.4.6)

where B represents boundary values at infinity.
We will suppose f € X, a space of functions whose partial derivatives of total
order m are in Lo(E?) (see Meinguet (1979) for more details on X'). We want X
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endowed with the seminorm JZ (f) to be an r.k.h.s., that is, we want to have the
evaluation functionals be bounded in X’. For this it is necessary and sufficient
that 2m —d > 0.

Now, let the data model be

yi = f(x1(3),...,zq(i)) + €, 1=1,...,m, (2.4.7)

where f € X and € = (e1,...,€,) ~ N(0,0%I). A thin-plate smoothing spline
is the solution to the following variational problem. Find f € A" to minimize

%Z(yi — f(@1(8),. ., za(D))? + ATL(S)- (2.4.8)

We will use the notation ¢t = (x1,...,24) and ¢t; = (z1(3),...,x4(¢)). The null
d+m—1
d
spanned by the polynomials in d variables of total degree < m — 1. For example,
for d = 2, m = 2, then M = 3 and the null space is spanned by ¢1, ¢2, and ¢3

given by

space of the penalty functional J¢ is the M = -dimensional space

[

$1(t) = 1, ¢a2(t) = z1, ¢3(t) = z2.

In general, we will denote the M monomials of total degree less than m by

D1y OM.

Duchon (1977) showed that, if ¢t1,. .., ¢, are such that least squares regression
on ¢1,...,¢a is unique, then (2.4.8) has a unique minimizer fy, with represen-
tation

M n
A =" dgu(t) + Y ciBm(t,t), (2.4.9)
v=1 i=1
where F,, is a Green’s function for the m-iterated Laplacian. Letting

E(7) =0 q|*¢In|r| if 2m — d an even integer,

. 2.4.1
= O a|T|?m 4 otherwise, (2:4.10)
where
(_1)d/2+1+m
Omd = if 2m — d is an even integer
md = Pam=17d/2(m — 1){(m — d/2)! Beh
I(d/2 - m) .
Om,a = PPy p——y otherwise,
d .
and letting |t — t;| = (375, (27 — z;(1))%)}/2, Ep(s,t) is given by
E(s,t) = E(|s — t]). (2.4.11)

Formally,
AME, (- t;) = b, (2.4.12)
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where 6;, is the Dirac delta function, so that
A™fA(t) =0 fort#t;, i=1,...,n, (2.4.13)

analogous to the univariate polynomial spline case where (8™ /8x?™)f\(z) =0
for ¢ # z,,...,z,. The functions E,(t,t;), i = 1,...,n, play the same role
as &(t) = R'(t;,t) in Section 1.3, except that E,, (-,-) is not positive definite.

E_(. \ 18 r'n'n(‘hf'ln’nn”'li positive ﬂpﬁn'n‘p a nrnr\nrf\r that turne out to he enough.

Hrn Ty LTSS LLELNT LU Le VT LLgLicet 9 G pAVETALY LVHIGDL LLAALE VU v T TV uEl

To explam the notion of condltlonal positive definiteness, we need the notion
of a generalized divided difference. Given t,...,t, € E%, let T be the n x M
matrix with ivth entry ¢,(¢;). In one dimension, T' is always of full column
rank if the ¢;’s are distinct. In two and higher dimensions it must be an explicit
assumption that T is of full column rank, which we will always make. If, for
example, t1,...,t, fall on a straight line on the plane this assumption will fail
to hold. Now let ¢ € E™ be any vector satisfying T7¢ = 0. Then (cy,...,cp),
associated with £,...,%,, is called a generalized divided difference (g.d.d.) of
order m, since it annihilates all polynomials of total degree less than m, that is,
S cidu(t) =0, v=1,2,..., M. Recall that the ordinary first-order divided
differences are of the form (f(¢i+1) — f(t;))/(t:+1 — t;) and annihilate constants,
second-order divided differences are of the form

(f(tz'+2) = ftis1) _ f(tiga) — f(E)

liva —tip1 tiv1 — 1

) [(tiv2 —ti)

and annihilate constants and linear functions, and so forth, thus a g.d.d. is a
generalization of an ordinary divided difference.

Duchon (1977) and Matheron (1973) both have proved the following: Given
t1,...,t, such that T is of rank M, let K, «, be the n x n matrix with ijth entry
Em(t-,;,tj). Then

c'Ke>0 (2.4.14)
for any g.d.d. ¢ of order m, that is, for any ¢ such that TV¢ = 0. E,, is then

called m- CODdlthIlaHV ( qtrlctlv\ positive definite.
Now, let Ey(-} = E,,(t,-) and write

<EtaEs> - Z '——T'n'—

- (gl
a1 +...+ag=m

!
O0mE, omE,
/ / Iz . d'Bm?‘...Ba:gdl;-[dm]'

(2.4.15)

A formal integration by parts yields

= En(s,t)+B.  (2.4.16)
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This calculation is not legitimate, since the boundary values at oo will be infinite.
However, it is known from the work of Duchon and Meinguet that if we let

9(s) = 3 ciBn(s, )
i=1

where ¢ = (e1,...,¢,) is a g.d.d., then g has appropriate behavior at infinity
and we can write
<gvg > = < ZCiEm('ati)aZCjEm('vtj) >
i=1 j=1
= Z CiCj Em(ti, tj)
ij
= Ke>0. (2.4.17)

By substituting (2.4.9) into (2.4.8) and using (2.4.17), we obtain that ¢, d are
the minimizers of

1
—|ly = Td — Kc¢||®2 + AdKe (2.4.18)
n

subject to T'¢ = 0. To find the minimizers ¢ and d of this expression, we let the
QR decomposition of T be

T=@wQﬂ(§) (2.4.19)

where (@1 : @2) is orthogonal and R is lower triangular. @Q; is n x M
and Qg is n x (n — M). Since T'c = 0, ¢ must be in the column space of
Q2, ¢ = Qv for some m — M vector . By the orthogonality of (Q: : Q2) we
have [|z||? = ||Q}=||* + ||@5z]||? for any z € E™. Using this and substituting Q2
for ¢ in (2.4.18)} gives

1 1
~1lQ2y — QK Q21* + ~|Q1y — Rd ~ QUK Q[* + MY Q3K Qay.  (2.4:20)

It is seen that the minimizers d and v satisfy

Rd = Q\(y — KQz7) (2.4.21)
and
2y = (Q;K Q2 +AI)y. (2.4.22)
These relations can be seen to be equivalent to
Mc+Td = vy, (2.4.23)
Te = 0 (2.4.24)

with M = K + nAl, by multiplying (2.4.23) by Q5 and letting ¢ = Q%Y. The
columns of @, are all the g.d.d.’s.
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It is possible to come to the same result for the minimizer of (2.4.8) via
reproducing kernels. Let s,,..., sy be any M fixed points in E? such that least
squares regression on the M-dimensional space of polynomials of total degree
less than m at the points s1,..., 8 is unique, that is, the M x M matrix S,
with ivth entry ¢,(s;) is of full rank. (In this case we call the points s,,...,s5nm
unisolvent.) Let py,...,pa be the (unique) polynomials of total degree less than
m satisfying p;(s;) =1, i = j,= 0,i # j, and let

RY(8,t) = Em(s,1) Zp,, m (50, 5)
Z () Eml(t, 5,) (2.4.25)

+ Z Pu(S)pu () Em(Sy, Su)-

=1
Letting
R} (Y= R'(-,t) (2.4.26)
we have
R{(8) = Em(s,t) — Zpy(t)Em(s,,, s) + me(s) (2.4.27)
v=1

where for fixed ¢, m(-) is a polynomial of degree m — 1 in s. Now for fixed ¢,

consider the points (¢, s1, ..., sar) and coefficients (1, —p1(¢),...,—pam(t)). These
coefficients together with the points (¢, s1, ..., sa) constitute a g.d.d., since
d(t) - Z d(5,)p,(t) = 0 (2.4.28)

for any polynomial ¢ of total degree less than m. Equation (2.4.28) follows since
the sum in (2.4.28) is a polynomial of degree less than m that interpolates to ¢

at a set of M umsolvent points, therefore it must be zero. In fact,
< R}, R! >= R'(s,t).

R (s,,8,) = 0, v = 1,2,...,M, but R! is positive semidefinite. R' is an
rk. for H,, the subspace of X of codimension M of functions satisfying
f(s,) =0, v=1,2,...,M, and X is the direct sum of Ho = span {p1,...,pm}
and H, with J2(f) = ||P.f||?>. It follows from Section 1.3 that fi has a
representation

M n
A= dugu(t) + DRy (1) (2.4.29)
v=1 i=1
for some d, ¢, with 7'¢ = 0. The end result from (2.4.29) can be shown to be the
same as (2.4.9) since 3., ¢;Em(t,t;) and ) 7, ¢; R}, (t) differ by a polynomial
d.

d
of total degree less than m in t if ¢ is a g.d.
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2.5 Another look at the Bayes model behind the thin-plate spline.
Returning to (1.5.7), consider the “fixed effects” model

Y,=F(ti) +e, i=12,...,n
where

M
= 6,0,(t) +b'2X(t), teT. (2.5.1)

One such model that will result in the thin-plate spline is: {¢1,...,dam} span
Hy, the space of polynomials of total degree less than m, and

EX(5)X(t) = R(s,t),

with R1(s,t) given by (2.4.25). The points s1,...,sa used in defining R! were
arbitrary, and it can be seen that it is not, in fact, necessary to know the entire
covariance of X (t), t € 7. Any covariance for which the g.d.d.’s of X satisfy

EY aX(t)d aX(ts) =Y cckEn(ti,tk)
! k lk

whenever Y, ced,(t1) =0,v =1,2,..., M, will result in the same thin-plate
spline. Looking at this phenomenon from another pomt of view, one can replace
X(t),t € T in the model (2.5.1) by X(t) = )+ M 6,¢.(t) where the 6,

are arbitrary, without Changlng the model. The estlmatlon procedure assigns
as much of the “explanation” of the data vector as possible to # in (2.5.1) and
not #. This kind of reasoning was behind the development of “kriging” due to
a South African mining engineer, David Krige (see the references in Delfiner
(1975)). The motivation for Krige’s work was to estimate the total ore content
of a volume of earth from observations from core samples. It was assumed that
the ore density was a random process Y(t},1 € E?. whose generalized divided
differences were stationary, and that it had a so-called variogram E(r) with the

property that
E Z crY (si) Z e Y (sk) = Z Z cicwE|si — skl
! k Ik

whenever the {c;, s;} constituted a g.d.d., and a “drift,” or mean-value function,

of the form
M
> 64y
v=1

The krlclng estimate V(f\ t € T was defined as the minimum variance
conditionally unbiased (w1th respect to f) linear estimate of Y(t) given Y; = y;,
and if Y (t) is the estimate of Y (¢), then [, Y (t) dt is the conditionally unbiased,
minimum variance estimate of fn (t) dt (compare Section 1.5).

This connection between spline estimation and kriging was demonstrated
in Kimeldorf and Wahba (1971, §7,) although the word kriging was never
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mentioned. We had not heard of it at the time. Duchon (1975, 1976) gave
a general version of this result in French, and various connections between the
two lines of research, which have been carried out fairly independently until the
last few years, have been rediscovered a number of times.

Matheron (1973) characterized the class of k-conditionally positive-definite
functions on E<, in particular, letting

L

Y

K(r) =) (-1)P+layr?*! (2.5.2)

=0
where the coeflicients a,, satisfy
k

ap F(%(Zp—}-l—}-d)) Cd-2pt1 s
0 2.5.3
Z 7r2p+2+d/2 F[l + '12'(2}9 + 1)] = ( )

p=0

for any p > 0. Matheron showed that

E(s,t) = K(|s — 1))

is k-conditionally positive definite. (Note if E(s
definite, it is k£ + 1 conditionally posmv ﬁmte
involves variograms of the form

\ R IR 1
t)1s k-conditiona Hy sitive

{ .
9,
) Much of the work on k riging

E(s,ty=|s—t|*> — Bls — |

Qor
E(s,t)=s —t|> = Bu|s — t|* + B2|s — ],

where the 's are estimated from the data. See Delfiner (1975), Journel and
Huijbregts (1978), and Cressie and Horton (1987).

We will now make some remarks concerning the variational problem associ-
ated with generalized covariances of the form E(s,t) = K (|s - t| where K is

as in (2.5.2). It is easy to see what happens to the an

Letting s,¢ € [0,1], let

(s, t)_2z cos 2w (s —t)

(2ry)?m

and let
m+k

R(s,t) = > au-m&i(s,1) (2.5.4)
l=m
with ag = 1. Then the eigenvalues of &, are A (&) = (2rv)~?™ and the
eigenvalues A, (R) of R are

m+k k
Z Qe 1 :
MR} = (2mv)2 B (27w )2(m+k) Za’“—j(z"w)zj' (2.5.5)
3=0

l=m
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In order for R of (2.5.4) to be a covariance, it is necessary that A,(R) > 0, for
this it is sufficient that Z?:o ag—;p* >0 for all p > 0. In the discussion below,

we will assume that the a;’s are such that A, (R) > 0. Letting f2 = ¢ + s2
where ¢, = V2 [ f(t)cos2mut, s, = V2 [ f(t)sin27vt, then we have that the
squared norms associated with &,, and R are, respectively,

E (2mwv)*™ f2 (2.5.6)
v=1
and .
Z 2 m+ 00
v=1 E :j=0 —3 e
where

-1
k
(2mv)2k ( a, )
H(v) = =11+ . .
(v) Zk i (2mp) 2 \ ; (27r1/)23/

Asv— o0, Hv) — 1. If Ele(aj/(%w)zj) is bounded strictly above —1, then
the two norms satisfy

all e, < Nf 15 < Bllf e,

for some 0 < a £ b < oc. Then f € Hg if and only if f € Hg,, and the two
spaces are topologically equivalent.

We now return to E? and the thin plate penalty functional. Since we are
running out of symbols we will use {(a,..., aq) as a multi-index below, not to be
confused with the a’s in the definition of R above. Observing that the Fourier
transform of O™ f /0z7" ... Oz is

A A
= jwy ) e
6.’E?1 L. 615:;d lIz—Il(zTrzwl) f(wla ,’U)d)

where f” denotes Fourier transform and that

d
m!
(ol + .+ )= S ] 2
aq:. .. 04!
ay +...+ag =1

we have

= [ [ emulmii@) [ dw (25.8)

The argument below is loosely adapted from a recent thesis by Thomas-Agnan
(1987), who considered general penalty functionals of the form

| f o2(w)| f (w)[2 du.
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The penalty functional associated with the variogram E;’;—:f a;—m E; where
E; is defined as in (2.4.11) must be

2(m+k)
JipH=1... |2mel] |Fw)? T duwr. (2.5.9)
/ / sF H ’

=0 O~’k—j||27”~U||2".

This can be conjectured by analogy to (2.5.7). For rigorous details in the d = 1
case, see Thomas-Agnan (1987).

In going from the circle to E® we must be a little more careful, however.
Letting
|27

|27w||2* + a1 ||2rw||2G-D + ... + ag

H(w) =

4

we have

Ji () = f - [ H@)l2wulPm 1) P,

since H(w) — 1 as w — oc, the tail behavior of the Fourier transforms of
functions for which Jg and J4 are finite will be the same. This tail behavior
ensures that the total derivatives of order m are in Ly. However, we have
limy,—o H(w) = 0, in particular, litme—o( H (w)||27w||2™) /|| 27w|| 2™ +F) — 1/ay.
Tt can be argued heuristically that the polynomials of total degree less than m+k

are in the null space of J&(f), by writing

- 127|205 £ (w) |2
—_ oo d
Jm(f) [ / ”27{"(1)“2"‘: +a1“27r'w”2(k—1) + ...+ H v

) / f ||520m+E) f|2 [T d
= e ||27r'w|l2k‘ + a1||271"w”2(k—1) + PN + ak 1

where 82(m+#) f is the Fourier transform of the 2(m + k)th total derivative of f.
If (2.5.10) is valid then Ja ( f)} =0 for f a polynomial of total degree less than
m+ k.

Let §1,...,5, be a unisolvent set of

points in E4, and let
m+k

E(s,t)= Y or-mEi(s,%)
l=m

where the a’s satisfy conditions ensuring that E(s,t) is m + k conditionally
positive definite. Let p1,...,py be the M polynomials satisfying pi(8;) =1, 1 =
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Jrand 0, i # j, and let

M
+ Y BB ()E(5,,5,).

One can argue analogously to Section 2.4 that R! must be a positive-definite
function that has the reproducing kernel property under the norm defined by

JE(f)-
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. .
a1 2L 2

Equival and Perpendicularity, or,

ence P
What's So Special About Splines?

An

3.1 Equivalence and perpendicularity of probability measures.

In Section 1.2 we considered a penalty functional that is a seminorm in W,
and a penalty functional that is a seminorm in W,,, a topologically equivalent
space. Note that it took several additional parameters (the a;’s) to specify the
seminorm in W,,. Aside from some computational advantages (considerable in
the case of polynomial splines) why, in practical work, should we choose one
penalty functional over another?

Continuing with this inquiry, one may ask if there is a particular reason for
using a kriging estimator with K(7) of (2.5.2) given by

k

K(r) =) (=1)P*apr?H,

p=0

where the a, must be estimated from the data, rather than the thin-plate spline
estimate, that corresponds to the simpler

(T) ( )p+1 apT 2p+l‘

How far should one go in estimating parameters in the penalty functional
when valid prior information is not otherwise available? The theory of
equivalence and perpendicularity gives an answer to this question. We will now
describe the results we need.

A probability measure P, is said to dominate another measure Py (P; > P)
if Pi(A) = 0= P;(A) = 0. P, is said to be equivalent to P» (P, = P,)if P, < P,
and P, >~ P,. P, is said to be perpendicular to P, if there exists an event A such
that Pi(A) = 0 and Py(A) = 1. It is known that Gaussian measures are either
equivalent or perpendicular. Any two nontrivial Gaussian measures on E! are
equivalent, and two Gaussian measures on E® are equivalent if the null spaces
of their covariance matrices coincide, otherwise they are perpendicular.

Considering Gaussian measures on infinite sequences of zero-mean indepen-
dent random variables X, Xa, ..., Hajek (1962a,b) has given necessary and suf-
ficient conditions for equivalence. Let EXZ = ¢2(1) under P; and ¢2(2) under
P;. If 02(1) > 0 and 0%(2) = 0 or 02(1) = 0 and ¢2(2) > 0 for some v, then the

41
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two processes are perpendicular. Suppose o%(1) and 02(2) are positive or zero
together. Then P, = P if and only if 3500, (1 — 02(1)/02(2))? < oo.

Let us now consider a stochastic process X(t), t € T with the Karhunen-—
Loeve expansion (see Section 1.1)

X(t) = io: Xy ‘I’u(t)a (3.1.1)

where {¥,} is an orthonormal sequence in L£5(7) and the {X,} are independent,
zero-mean Gaussian random variables with EX2 = o2(i) > 0 under P;, i =1,2.
Then it follows from Hajek’s result that P, and P, will be equivalent or
perpendicular accordingly as 350 . (1 — 02(1)/02(2))? is finite or infinite.

Now consider the following example of Section 2.1:

03(1) = b1(27r1/)“2m‘, 03(2) = b2(27r1/)_2m2,

P, and P, will be equivalent if b, = by and m, = ma, and perpendicular
otherwise. (Here m; and my need not be integers.)

Suppose we have a prior distribution with o2 = b.( 2mv)~2m= where b, and
m. are unknown. The perpendicularity fact above means that we can expect to
find a consistent estimator for (b, m) given X(¢1),..., X(tn) as t1,...,t, become
dense in 7. To see this, let (b,, m,) be any fixed value of (b, m). Then there exists
a set A(b,,m,) in the sigma field for {X(t), ¢t € T}, equivalently in the sigma
field for {X), X2, ...} such that P({X1,X2,...} € A(bs,m.)) = 1 if (bs,m.) is
true and zero otherwise. Thus the estimate is formed by determining in which
A(b,m) {X1, X2, ...} lies. Under some mild regularity conditions (for example,
X(t), t € T continuous in quadratic mean), it is sufficient to observe X (t) only
for t in a dense subset of 7.

Now consider the case with ¢2(1) = (2mv)™2™ and ¢2(2) = [(27v)*™ +
92(271)2m=1]~1 By considering the problem in its usual complex form (we
omit the details), the {o2(2)} can be shown to be the eigenvalues associated with
the penalty fol [£™) () + 8f(m~ 1 (¢)]2 dt for the periodic spline case of Section
2.1.

Then
AW _,, O
02(2) (2wv)?
and
oo 2 2 o0 2 2
o (1)) [ 6 ]
1— =L =V | ——| <
2( 5@)) = 2@y
so that P, and P, are equivalent. This means that there cannot be a consistent
estimate of 6, since if there were we would know # “perfectly” (w.pr.1) given
X(t), t € T, and then we could tell w.pr.1 which of P, or P, is true, which

t
contradicts the fact that they are equivalent.
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Hajek (1962a) considers the nonperiodic case on a finite interval of the real
line. The result, loosely stated, is that if X (¢) formally satisfies

m
Z X9 =aw (3.1.2)
under P;, i = 1, 2 and the boundary random variables are equivalent, then

Ph=Rif agl) = ao ) and P 1L Pif a(()l) # agz). Thus a,,...,amn—) cannot be
estimated consistently from data on a finite interval. More generally, if X is the
restriction to a finite interval of a stationary Gaussian process on the real line
with spectral density

SR b2 Giw)* |2
S0 o0 (i)

then P, = P if ¢(1) — p(1) = ¢(2) — p(2) and ap(1)/by(1) = ag(2)/bo(2) and
P, 1 P, otherwise (see Hajek (1962b, Thm. 2.3) for further details). Parzen
(1963) discusses conditions for the equivalence and perpendicularity in terms of
the properties of reproducing kernels.

flw) = , 1=1,2

7

3.2 Implications for kriging.

Now we will examine the periodic version of the prior related to kriging, from
the d-dimensional version of (2.5.4), to see which coefficients in the variogram
should be consistently estimable from data on a bounded region. To see what
happens most easily in the d-dimensional periodic case, it is convenient to
think of the eigenfunctions of the reproducing kernel in complex form. Letting

v = (1,Vy,...,14), then the eigenfunctions ®,, are
By (L1, ..., Tg) = 27T Hotvaze), Vi=...= 1,0,1,..
j=12,...,d.
Observing that
Ady = [2mn)?+... + (2mg)?] Oy

= |2nv|l® @u

it is not hard to see that the o2’s for the d-dimensional periodic stochastic
process corresponding to the thln-pla.te spline penalty functional are

oy (1) = ||2mw|| 7™

and the eigenvalues corresponding to the d-dimensional periodic version of
kriging, given by the d-dimensional version of the covariance of (2.5.4) are, from

(2.5.5),
m+k

2 _ A
=2 ||2w||2f‘||2w||2m( .Z |2J) (3:21)
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where we have set ag = 1. Then

> (1'%%)22., i_m(in;@)z' (3:22)

Uy .. Wg=—00 14---Vg=

Looking at the lowest order term in (3.2.2)

2 \pp) =4 X g (3:2:3)

we estimate the sum by

1
f / / —zrd” dr
I1X||>1 |]x|| r>1 r

where |x||* = z% + ... + z2% and the expression on the right is obtained by
transforming to polar coordmates The expression on the right will be finite if

—(d—-1) =5 —d > 1. In particular, it will be finite for d = 1,2, and 3. Thus
the right-hand side of (3.2.3) will be finite for d = 1, 2, and 3, and the conclusion
to be drawn is that P, and P, here are equivalent, and «;,...,q; cannot be
estimated consistently. One can argue that the situation is analogous for the
stochastic process with variogram

E(r) =7 +an |7 4 ol P (2m - 1) >d (3.2.4)

and if this is so, then ay, ..., o) cannot be estimated consistently from data in a
bounded region for d = 1,2, and 3. Thus, in practice, if prior information is not
available concerning a,. .., a, one might as well set a;, ..., ax to zero, that is,

use the thin-plate spline. I made observations to this effect in Wahba (1981b).
In an elegant series of papers Stein (1985, 1987a, 1987b) has obtained results
that imply the same thing.
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M

\ating the Smoothing Parameter

C ot
Col

4.1 The importance of a good choice of \.

Figures 4.1, 4.2, and 4.3 from Wahba and Wold (1975) were part of the results of
a Monte Carlo study to examine the behavior of ordinary cross validation (OCV)
for estimating the smoothing parameter in a cubic smoothing spline. The dashed

line in each of these figures is a plot of f(z) = 4.26(e™% — 4¢7%% + 3¢~%%), and
the dots enclosed in boxes represent values of

yi=f (%) +e, i=1,...,100, (4.1.1)

where the ¢;’s come from a random number generator simulating indepen-
dently and identically distributed N(0,02) random variables, with standard
deviation ¢ = .2. The solid line in each figure is f\, the minimizer of
1/nY 0 (v — f(i/n))? + )‘fo (f"(z))?dz. In Figure 4.1 A is too small, in Fig-
ure 4.2 too big, and in Figure 4.3 “about right.” The parameter A in Figure
4.3 was estimated by OCV, also known as the “leaving—out one” method, to be

wie A“AV.JA“
described. E‘.'ldently the visual appearaince of the picture is quu,t: aepernaent on

A, which is not surprising as we recall that as A runs from zero to oo, f\ runs
from an interpolant to the data, to the straight line best fitting the data in a
least squares sense. Figures 4.4-4.8 provide a two-dimensional example. Figure
4.4 gives a plot of a test function used by Franke (1979), this function is a linear
combination of four normal density functions. Figure 4.5 gives a schematic plot
of the data y; = f(z,(4), z2(4)) + €;, where the ¢; come from a random number
generator as before. The (z;,z2) take on values on a 7 x 7 regular grid and the
n = 49 y;’s have been joined by straight lines in an attempt to make the picture
clearer. Figure 4.6 gives a plot of fy, the minimizer of

% Z(yi — f(x1(4), 22(4)))? [/ (F2 . +2f . +f2, )dr de,

LR le o]

with A evidently too large, Figure 4.7 gives f\ with A too small, and Figure
4.8 gives f) with A “about right.” Figures 4.4-4.8 are from Wahba (1979c).
Generalized cross validation (to be discussed) was used to choose A in Figure
4.8.
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FIG. 4.1. Data generated according to the model (4.1.1).
curve ts fitted spline with X too small.
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FI1G. 4.2. Same date as in Figure 4.1. Spline (solid curve) is fitted with A too big.
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0.00 0.50 1.00 1.50 2.00 2.50 3.00

F1G. 4.3. Same data as in Figure 4.2. Spline (solid curve} is fitted with the OCV estimate
of A

4.2 Ordinary cross validation and the “leaving-out-one” lemma.

Next we will explain these methods. Ordinary cross validation (OCV) goes as
follows. Let f){\k] be the minimizer of

=3 - f@ A [ () du. (42.)

t;_ék

Then the “ordinary cross-validation function” V(X) is

Vo(A) = %Z (yk - ,[\’“](zk))z, (4.2.2)

k=1

and the OCV estimate of A is the minimizer of V4()). More generally, if we let

ik] be the minimizer of

n

=3 i LY 4 AP (423)

i=1
i#k

(assumed unique), then

Vo(A) = ;t- S (e — LifH)2. (4.2.4)
k=1
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FI1G. 4.8. f5 with A estimated by GCV.

OCV was suggested by Allen (1974) in the context of regression and by Wahba
and Wold (1975) in the context of smoothing splines, after hearing Mervyn Stone
discuss it in the context of determining the degree of a polynomial in polynomial
regression. The idea of leaving out one or several no doubt is quite old (see, e.g.,
Mosteller and Wallace (1963)).

We now prove the “leaving-out-one” lemma (Craven and Wahba (1979)).
LEMMA 4.2.1. Let f;k] be the solution to the following problem. Find f € Hg

to mintmize
1 k)
- Z(yi — Lif)* + Al P |12
V2

Fiz k and z and let hy[k, z] be the solution to the following problem. Find f € Hp
to minimize

S

n 1
t(z — Lif)" + 3 (0 = Lif)? | + AP (42.5)

iFEk
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Then hy[k, L f9] = £18.

Proof. Let § = Ly f,[\k], let h = ,[\k], and let f be any element in Hg different
from h. Then

r 1
(7k — Lih)? }: 2| + A\ P2
lr,aék
— 2 2
= - Z(yi — L;h)* + A||Pya||
ik
1 K]
< 52— L+ ARSI
£k

< = [(yk—ka +Z - Lif)? +/\||Pf||2] (4.2.6)
L ik |

Now consider the following identity:

Lufl = (yx — Le.f2)

(1=, () (4.2.7)

where 3
g Lifr— L f®
kk = .

Yk — ka,[\k]

By the leaving-out-one lemma, and by letting 4, = Ly f/[\k] and noting that
Li fx = Lihy[k, yr] by definition, we can write

" Lihylk, Lyhylk,y
Cpr = shalk, pr] = = il yk]- (4.2.9)
Yo — Yk

(4.2.8)

Thus, looking at Ly fx as a function of the kth data point, we see that a},(A) is
nothing more than a divided difference of this function taken at yx and .
However, Ly fy is linear in each data point, so we can replace this divided
difference by a derivative. Thus, we have shown that

where agr()) is the kkth entry of the influence matrix A(A), given in (1.3.23).
Thus, we have the following OCV identity.
THEOREM 4.2.1.

L Y (we = Lef)? /(1 - ak(A)?. (4.2.11)

n
k=1

_Z(yk—ka[ 2 =vm) =
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Later, we will generalize the optimization problem of (1.3.4) as follows. Find
f € C C Hgr to minimize

S i~ Nif) + MRS (4212
i=1

where C is some closed convex set in Hg, and N;f is a (possibly) nonlinear
functional. Suppose that the N; and C are such that (4.2.12) has a unique

minimizer in C, as does (4.2.12) with the kth term deleted. Then it is easy to see
that the inequalities of (4.2.6) still hold, with L; replaced by N;. Therefore, if

f)[\k] is the minimizer in C of (4.2.12) with the kth term deleted, and h,lk, 2]
is the mimmlzer m C of (4.2.12) with y; replaced by 2z, then, as before,

halk, N f [k]] . Thus the OCV identity generalizes to

= Z (yx — N f)? Z(yk — Nefr)? /(1 = aje(N))? (4.2.13)

k 1

where Nihalk, Nobalk. 4
ar, = 2k ALk, yx] — Ni Ak, Uk] (4.2.14)
Yk — Yk

with g = Nkf)[\k]. Now, however, (ONy f/0yk)|y., if it exists, will only be, in
general, an approximation to aj, () of (4.2.14).

4.3 Generalized cross validation.

Generalized cross validation (GCV) for the problem of (1.3.4) is obtained by
replacing axk(A) by p1(A) = 1/n 31 a:i;(A) = 1/nTr A(A). The GCV function
V() is defined by

Viy) = %2:(9%—ka)\)2/(1—Ml()\))2

12
ﬁU—Auw . (4.3.1)

1

= L) - Al [

V(A) may be viewed as a weighted version of V5(A), since

V(A = %Z (yk - kaik])zwkk()\)

k=1

where wir(A) = (1 — agx(A))2/(1 — p1(A))2. If agx()) is independent of k, then
Vo(A) = V(X). The “generalized” version was an attempt to achieve certain
desirable invariance properties that do not generally hold for ordinary cross
validation. Let I' be any n x n orthogonal matrix, and consider a new data
vector § = Ty and a new set of bounded linear functionals (L;,...,L,) =
['(L1,...,Ly)". The problem of estimating f from data

Ji=Lif+&,1=1,...,n
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where € = I'e is the same as the problem of estimating f from
Yi :Lif+6ia i = 17"'ana

since € ~ N(0,02I). However, it is not hard to see that, in general, OCV
can give a different value of A. The GCV estimate of A is invariant under this
transformation.

The original argument by which GCV was obtained from OCV can be
described most easily with regards to a ridge regression problem (see Golub,
Heath, and Wahba (1979)). Let

y=XB+e, (4.3.2)

where € ~ N(0,0%]), and to avoid irrelevant discussion suppose X isn x n. 3
will be estimated as the minimizer of

1
~lly = XB|+ 2 #5.

Let the singular value decomposition (see Dongarra et al. (1979)) of X be UDV”,
and write
g=Dv+¢ (4.3.3)

where y = U'y, v = V'3, and € = U’e. The problem is invariant under this
transformation. On the other hand, since

where d; is the iith entry of D, it is fairly clear that a leaving-out-one method
of choosing A is not going to work too well since the rows are uncoupled.
(In fact, V(M) is independent of A!) However, if the singular values of
D come in pairs, there is an orthogonal matrix W for which WDW' is a
symmetric circulant matrix, and symmetric circulant matrices may be viewed
as having rows that are maximally coupled. Recall that a circulant matrix
has the property that if the first row is (8p,6y,...,0,_1), then the jth row
is (On_j,..., 0p—1,60,01,...,0,,—;—1). The matrix W is the discrete Fourier
transform matrix and W and D are given, for even n, in Table 4.1. Transforming
(4.3.3) by W gives

z=WDW'§ + ¢ (4.3.5)

where z = Wy, § = Wr, £ = We, and WDW’ is circulant. Intuitively, the design
matrix D has “maximally uncoupled” rows, while the design matrix WDW’,
being circulant, has “maximally coupled” rows. The influence matrix A(A) for
the problem (4.3.5) is circulant and hence constant down the diagonal. GCV is
equivalent here to transforming the original problem (4.3.2) into the “maximally
coupled” form (4.3.5), doing OCV, and transforming back.

The GCV estimate ) of A is known to have a number of favorable properties,
both from practical experience and theoretically. For some Monte Carlo
experimental results, see, e.g., Craven and Wahba (1979), Merz (1980), Nychka
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TABLE 4.1
The discrete Fourier transform matric W and corresponding diagonal matriz D.

(o)

- 2C1

'"\/-2-611,/2-—1

W =
- 231
\ —V28,/2-1 /
where
1
Co = ﬁ(l,,l),
1 2
Cy = ﬁ(cos%ru;,cos%w;,...,cosZﬂ'V%),
1 1 2 n
s, = —=(sin2wv—,sin27v—,...,sin2rv—).
vn n n n
do 0
(%, )
D= d'n,/2-1

\ 0 | dn/z—l }
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et al. (1984}, Vogel (1986), Shahrary and Anderson (1989}, Scott and Terrell
(1987), Woltring (1985), the rejoinder in Hardle, Hall, and Marron (1988), etc.
The so-called “weak cross-validation theorem” was proposed and nearly proved
for the smoothing spline case in Craven and Wahba (1979). Utreras (1978,
1981b) completed the proof by obtaining rigorously certain properties of some
eigenvalues necessary to complete the proof. Properties of eigenvalues in other
cases were obtained by Utreras (1979, 1981b), Cox (1983}, and others. See also
Wahba (1977a). Strong theorems were obtained by Speckman (1985), Li(1985,
1986, 1987). Generalizations are discussed in Hurvich (1985), O’Sullivan (1986a),
Altman (1987), Gu (1989b), Friediman and Silverman (1989). The arguments
below are adapted from Craven and Wahba (1979) and Wahba (1985e).

4.4 Properties of the GCV Estimate of ).

GCV is a predictive mean-square error criteria, which is not surprising given its
source. Define the predictive mean-square error T'(\) as

m

T(A\) = % D (Lifr - Lif)% (4.4.1)

i=1

The GCV estimate of A is an estimate of the minimizer of T'(A}). T(A) depends
on the unknown f as well as the unknown €y,...,¢,. The expected value of
T(A), ET(X) is given by

1 n
ET(A) = E; ;(kax — Ly f)2

Letting ¢ = (Lif,....,Lnof) we have (Lifa,--,L.fa) = Ay =
A(A)(g + €), and

ET() = —EJAR)(g +e) gl

0.2
= 2= AP+ T %)

= b*(A) +o%ua()), say.

These terms are known as the bias and variance terms, respectively. Using the
representation for I — A(X) given in (1.3.23),

I = A(N) = nAQ2(Q3(E + nA)Q2) ™' Qy,

letting the eigenvector eigenvalue decomposition of Q43Qs be UDU', where U
is (n — M) x (n — M) orthogonal and D is diagonal and " = (J3 U, we have

I—A(A) =nAl(D +aXD”'T. (4.4.2)

Letting
h=T'g
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we have
vy = LS (22 )2
T on “ \dn+nr /)’
1 n—M A 2
- = —_vn M 4.4.3
H2(A) n (uzzl (Ayn+nA) + ) (4.4:3)
where h,n, v =1,...,n — M are the components of h, and ),,, are the diagonal
entries of D. If f is in the null space of P;, that is, f is of the form
M
F=Y 6.,
v=1

then ¢ = (L1f,...,Lof) = T8, where 8§ = (6,,...,68))", and then h =
I"g = U'Qyg = U'QyT8 = 0, by the construction of Q2 in (1.3.18). Then
p2(A) is a monotone decreasing function of A and is minimized for A = oo,
which corresponds to fo, being the least quares regression of the data on span
{#1,...,¢um}, with pz(c0) = M/n. If 377 » > 0, then %()) is a monotone
increasing function of A, with (d/dA)b‘(A)IA_o = 0, while g2()) is a monotone
decreasing function of A with strictly negative derivative at A = 0, so that ET(\)
will have (at least) one minimizer A* > 0.

The “weak GCV theorem” says that there exists a sequence (as n — 0) of
minimizers X of EV(}) that comes close to achieving the minimum value of
miny ET(A). That is, let the expectation inefficiency I* be defined by

= ETO)
ET())'

Then, under some general circumstances to be discussed, I* | 1 as n — 0.
We will outline the argument. First,

b2 (A) +02(1 = 2 (A) + p2(N))

EV(A) = T , (4.4.4)
where
1 n—M Ayn
,Url()\) = E Z m + M|. (4.4.5)

As before, if | P, f||* = 0, then b%(A) = 0, and

o2 "M My Y
o 25 (2 (PR )

v=1

which is minimized for A = oo, the same as for ET()), so in this case I* =
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We now proceed to the general case. First, some algebraic manipulations
give

ETQ) = (BVON)=0%) _ —m@-m)  _o*
ET(Y) Q-m)? TPTotm Ty
and 0 [ET(A) — (BV(A) - %)
=T < h(\) (1.4.7)
where 2()\) .
_ H1
hA) = l2’“(") * m(x)] T O (4.48)

Now, using the fact that u2(A} > ui()), for all A, it follows that EV(}A) > o2,
so that (4.4.7) gives

ET(A)(1 — k(X)) S EV(A) — 0® < ET(A)1 + h())), for all \. (4.4.9)
Letting A* be the minimizer of ET(}), we obtain

EV(A*) —o? S ET(A")(1 + h(A*))

and there must be (at least) one minimizer A of EV(A) in the nonempty set
A={A:EV()) - 0% < EV(A*) — 0?} (see Figure 4.9). Thus

ET(A)(1 - k(X)) € EV(A) —0? < EV(A*) — 0% < ET(A*)(1 + h(A*)). (4.4.10)
Then (provided h(}) < 1),

ET(X) < L+

EI(/\*) - 11— h(:’.) ’ (4.4.11)
and, if A(A*) and h(}) — 0, then
ET(})
1. "
ET(w) ¢ (4.4.12)

h(A\*) and h(A) will tend to zero if i (A*),u1(A),u2(A*)/(u2(X*)) and
p2(A)/(122(A)) tend to zero.

In many interesting cases the eigenvalues A,,, behave roughly as do nv~¢ for
some real number ¢ > 1, and the expressions

-M
— _1_nT‘ / AV" \T 1?‘ 1 T 2
n

— 3

oYY _rn ~ S — =1
pr L;l \Ayn—l—nA} nLJ(l—l—)WQ)f’

1 1 Crq
- ~ =12 1

are valid to the accuracy needed in the proofs.

<

b
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ET (1 +h)

F1G. 4.9. Graphical suggestion of the proof of the weak GCV theorem.

We only give the reader a very crude argument in support of (4.4.12) and refer
the reader to Cox (1988), Utreras (1978) for more rigorous results. The crude

argument, for roughly equally spaced evaluation functionals, goes as follows.
Suppose

R(s,t) =D X\®u(5),(1),

consider the matrix Y with ijth entry

L

Rtit;) = D AW®u(t:)u(t;
v=1

R
E
S
&
33
3

S
I
_

If
LS e e, (h) = [ ous)0u)ds = b (4.4.13)
=1

then roughly (1//n®.(t1),...,1/vVn®,(t,)), v =1,...,n are the eigenvectors
of ¥ and (again roughly), nA,, v = 1,2,... are the eigenvalues of ¥. The
asymptotic behavior of the eigenvalues of @4¥Q2 does not differ “much” from
the asymptotic behavior of the eigenvalues of . In particular, if a; > ... > ay

are the eigenvalues of ¥ and Ay, ..., An—amn are the eigenvalues of @Q4X.Q5, then,
by the variational definition of eigenvalues,

a1 2 Mg 2 GM+1
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a2 2 Aan = Qp42

On_M 2 An—M,n > Q.

For the reproducing kernel of W2 (per) of (2.1.4) it is easy to see that (4.4.13)
holds (exactly, for t; = I/n), and A,, ~ n(2rv)~2™. If R is a Green’s function
for a linear differential operator, then the eigenvalues of R can be expected to

behave as do the inverses of the eigenvalues of the linear differential operator
(see Naimark (1967}).
To study b%()\), we have the lemma:

B*(A) < A|PLFIP. (4.4.14)
The proof follows upon letting g = (L1 f,..., Lof) and noting that A(A)g =

(L1f3, .-, Lnfy)', where f} is the solution to the following problem. Find
h € Hgr to minimize

1 n
-~ Z(gi ~ Lik)y? + M| PR
—
Then

I~ Al + AP
= —Z — Lif{)* + N PSSP
< —E — L;f)’ + M| P S|

= A||P1f||2-

If ua(A) = O(1/nA1/9), then

ET(\) <O\ +0 (n;l /q) (4.4.15)

and thus ET()) | 0 provided A — 0 and nAY/? — oo. Furthermore, it can be
argued that if A does not tend to zero (and of course if nA'/? does not tend to
infinity), then ET(A) cannot tend to zero. Thus ,u,.()\*) — 0. Now EV(}) | o2,
since EV(A) — 0% < ET(A*)(1 + h(A*)) = 0. If Z h2_ > 0 it is necessary that
A — 0, nAY% = oo in order that EV(/\) | o2 so that the following can be

PR [ I N
Coriciuaeq:

I" | 1.

Figure 4.10 gives a plot of T()A) and V(A) for the test function and
experimental data of Figures 4.4 and 4.5. It can be seen that V() roughly
behaves as does T(A) + o2 in the neighborhood of the minimizer of T(A). The
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T(X),V(}),x107*

-7 6 -5 -4 -3 -2 -1 0
log A

FIG. 4.10. The mean square error T(\) and the cross validation function V(A).

sample size was n = 49 here. This behavior of V relative to T generally becomes
more striking in Monte Carlo experiments as n gets large.

We remark that the parameter m in the penalty functional for polynomial and
thin-plate splines can also be estimated by GCV (see Wahba and Wendelberger
(1980), Gamber (1979)). V is minimized for each fixed value of m and then the

m with the smallest V(A) is selected.

4.5 Convergence rates with the optimal ).

It can be seen from (4.4.15) that if ua(A) = O(1/nAY9) and X is taken as
O(1/n¥ @+ then ET(A*) < O(1/n%/(¢+D), If additional conditions hold on

the L;f (that is, on the sequ;nce (Linfy.-.y Lonf), n =1,2,...) then higher
rates of convergence can be obtained.
Considering (4.4.3) for the bias, we have

n—M 2
b2()\) — l n)‘hun
n 4 A
n—M -
= )P Z (n_A)Q ! (W)
Avn + 1A (Aun/n+ )P

5 for any p € [0,2]. (4.5.1)

IA

D

3
—
Y
TN

3
\
v
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If 30— ((h2,/n)/(Ayn/n)?) is bounded as n — oo for some p in (1,2], then
b%(A) < O(WP) (4.5.2)

as A — 0, and if u2(A) = O(1/nAY/9), then

ET(A) < O(W) + 0 (n;/q) :

and upon taking A = O(1/n%/®9+1)) we have

ET(A\") <O (—1—) . (4.5.3)

npe/(pg+1)

We know from (4.4.14) that (4.5.2) always holds for p = 1; we show this fact

another way, by proving that "2 (h2, /A,n) < ||P1f]|%. Letting fo be that
element in Hp that minimizes || P, fy)|? subject to

Lifo=L;f = g;, say,

we have, using the calculations in Chapter 1, with y; = ¢g; and A = 0, that

n M
fo=Y &+ ) digy
i=1 v=1

where ¢® and d° satisfy £c?+Td® = g, T'c® = 0, and so ¢ = @2(Q52Q2) "' Q.

Now ||Pyf]|2 > ||Pofo]|? = " 2c” = ¢'Q2(Q55Q2) ' Qhg = Su=1" A2,/ Aun.
An example to show when (4.5.1) holds for some p > 1 goes as follows. In the

case Hg = Wy, (per) with L;f = f(i/n), f(t) = 3. f.®.(t) (the &, are sines

and cosines h ere) then h,, =~ /nf, by the same argument as that leading up
to (4.4.13), A n(2mr)~2™ and if [ (f®™)(x))?dz < oo, then

00 > Z(21ru)2pmf3 = /l(f(pm) 2 dr ~ Z l’ﬂr/;l 1+ o(1)).
r=1 0

Let

e o}

RP(s,t) =Y AB®,(5)®,(t)

v=1

for some p € (1,2]. f € Hpr if and only if

[~]2
o

S
Il
—

< o0 (4.5.4)

where

= [ F(£)B.(2) dt.
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A general argument similar to that surrounding (4.4.13), (4.5.2), and (4.5.3)
would suggest that if the L;’s are roughly uniformly spaced evaluation functionals
and f € Hpe, and A, = O(v~9), then convergence rates of O(1/n?%/(Pa+1))
are available. For more general L;, see Wahba (1985e). Convergence rates
for smoothing splines under various assumptions have been found by many
authors. See, e.g., Davies and Anderssen (1985), Cox (1983, 1984, 1988), Craven
and Wahba (1979), Johnstone and Silverman (1988), Lukas (1981), Ragozin

n oI AT nerkiman (10QE) v
(1983), Rice and Rosenblatt (1983) Silverman \1:782) Sycu}uuau {17090}, Uileras

(1981b), Wahba (1977a}, and Wahba and Wang (1987).

4.6 Other estimates of \ similar to GCV,

We remark that a variety of criteria C(A) have been proposed such that A is
estimated as the minimizer of C'()), where C()) is of the form

C) = (I = A)yll%e(N) (46.1)

where (A} =14 241 (A) + o(u1(A)) when pu; — 0 (see Hardle, Hall, and Marron
(1988)). Such estimates will have a sequence of minimizers that satisfy the weak
GCV theorem.

Note that

n—M n—M 2
1 1 nA
= — - —_ 4.6.2
n ‘- ()\,,n +n)\) ""/ (n VZ::I Avn +n/\) ( )

where 2, = (Z1n,-..,2n—mn) = [y, where T = Q.U as in (4.4.2). Provided
the A, are nonzero,

2
lim V() = Z i‘;“ 2/ (% > ﬁ) > 0. (4.6.3)

However, unless c¢(A) has a pole of order at least 1/A% as A — 0, then C(A) of
(4.6.1) will be zero at zero, so that in practice the criterion is unsuitable For n

Y in +th 1
large, the A,, may be very small, and the calculation of V or C in the obvious

way may be unstable near zero; this fact has possibly masked the unsuitability
of certain criteria of this form C in Monte Carlo studies.

4.7 More on other estimates.

When o2 is known, an unbiased risk estimate is available for A. This type of
estimate was suggested by Mallows (1973) in the regression case, and applied
to spline smoothing by Craven and Wahba (1979) (see also Hudson (1974)).
Recalling that ET'(A) = (1/n)||(I — A(A))g||? + (62 /n) Tr A%(X), we let

) = 110 - A - S - AP+ ST AN @7

It is not hard to show that ET()\) = ET()\). The numerical experiments in
Craven and Wahba show that the GCV estimate and the unbiased risk estimate
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behave essentially the same, to the accuracy of the experiment, when the same o2

is used in (4.7.1) as in generating the experimental data. It is probably true that
a fairly good estimate of o2 would be required in practice to make this method
work well. Several authors have suggested the so-called discrepancy method:
Choose A so that

(T = A = o, (472

The left-hand side is a monotone nondecreasing function of A, and if (1/n)||(I —
A(00))y||? (= the residual sum of squares after regression on the null space of
|P1(:)||?) is at least as large as o2, there will be a unique A satisfying (4.7.2).
We claim that this is not a very good estimate of the minimizer of T'(A). Wahba
(1975) showed that if A* is the minimizer of ET()), then

B (1= Al = ko™ (1 +o(1))

where &k is a factor less than one. The experimental results in Craven and
Wahba are consistent with these results, the discrepancy estimate Agjs of A being
naturally larger than A* with T'(Aqis)/T(Aopt) >> T(Accv)/T(Aopt), Aopt being
the minimizer of T(\).

By analogy with regression, I have suggested that Tr A(A) be called the
degrees of freedom for signal when A is used. (Note that M < d.f. signal
< n), and this suggests an estimate for ¢?, as

2 = 6‘2(;\) — - A(;\))y”z
Tr (I — A(X))

where ) is the GCV estimate of A. Good numerical results for % were obtained
in Wahba (1983) although no theoretical properties of this estimate were given.
Other estimates for o2 have been proposed (see, for example Buja, Hastie, and
Tibshirani (1989). Hall and Titterington (1987) have proposed estimating A as

the solution to )
I = AW _
Tr (I — A(N))

when o2 is known. It is not known how this estimate would compare, say, with
the unbiased risk estimate.

4.8 The generalized maximum likelihood estimate of A.

A maximum likelihood estimate of A based on the Bayes model was suggested by
Anderssen and Bloomfield (1974) in the case of a stationary time series, and by
Wecker and Ansley (1983) in the smoothing spline case (see also Barry (1983)).

Beginning with the stochastic model, (1.5.8) gives
y ~ N(0,b(nTT" + T + nAl)) (4.8.1)

where n = a/b and a,b, T, and X are as in (1.5.9), and A = % /nb.



64 CHAPTER 4

Let
z Qz
e | = Y, (4.8.2)
1 TI
w Vi
where Q5T = 0, as in (1.3.18). Then
z ~ N(0,b(Q5EQ2 + nAl)), (4.8.3)
lim Ezw' =0,
7)== 00
lim Eww' = b(T'T)(T'T).

n—oo

It was argued in Wahba (1985¢) that the maximum likelihood estimate of A
here should be based on (4.8.3) since the distribution of w is independent of A.
This estimate was called the GML estimate. A straightforward maximization of
the likelihood of (4.8.3) with respect to b and A gives the GML estimate of \ as
the minimizer of

2'(QLTQ7 + n/\I)' z

[det (Q3EQ2 + nAl)~1]H/(m

Y'Q2(Q3XQ2 + n)\I)‘lQ’zy
[det (Q4,5Q2 + nA) 1| /(n=)

M\ =

\/

Multiplying the top and bottom of this expression by nA results in an expression
that is readily compared with V(A), viz.

y' (= ANy

M) = T (T = A/ =)

(4.8.4)

where det™ is the product of the nonzero eigenvalues. We remark that Wecker
and Ansley (1983) included the M components of w as unknown parameters in

» wh + + +tha + Tiohtls
the likelihood function. After minimizing with respect to w, they got a (slightly)

different equation for “the” maximum likelihood estimate of A. (See O’Hagan
(1976) for other examples of this phenomenon.) We also note that if either o2 or
b were known then a different expression for the maximum likelihood estimate
of A would be obtained.

It is shown in Wahba (1985e) that if ||[Pifll? > 0 and

S M2 /n)/(Aun/n)P is bounded as m — oo and ui(A) and ua()) are
O(1/nAY/?9) for some p € (1,2), ¢ > 1 then (d/dA\)M(A) = 0 for A =
Agmr = O(1/n¥/(a+1)), independent of p. Thus, asymptotically, Agmr
is smaller than A* = O(1/n%®3+1)) and an easy calculation shows that
lim,, oo (ET (AgmL)/ET(A*)) T co. On the other hand, it is argued in Wahba
(1985¢) that, if f is 2 sample function from a stochastic process w1th Ef(s)f(t) =
Ple +)Y than tha minimizers of both V() and M () estimate o 2/l Thue it

JL\O [;j Uil 11 LlllU Lllllllllllbch vl vuull \/\} LIVl i¥vi \/\} UDULJ.ILOJIJC oS /lbU Llluo’ J.b jD
inadvisable to use the maximum likelihood estimate of X since it is not robust
against deviations from the stochastic model.
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4.9 Limits of GCV.

The theory justifying the use of GCV is an asymptotic one. Good results cannot
be expected for very small sample sizes when there is not enough information in
the data to separate signal from noise. To take an extreme example, imagine,
say, n = 5 data points (y;,z;) with x; on the line. For arbitrary scattered values
of the y;’s, given no further information, a curve interpolating the points, or the
least squares straight line regression to the points, could be equally reasonable,
and V(A) may well have minima at both zero and infinity. However, if even the
order of magnitude of ¢? is known in an example like this, then one could likely
decide between these two extremes. My own Monte Carlo studies with smooth
“truth” and independent and identically distributed Gaussian noise have resulted
in generally reliable estimates of A for n upwards of 25 or 30. It is to be noted
that even for larger m, say n = 50, in extreme Monte Carlo replications there
may be a handful of unwarranted extreme estimates (5\ =0 or A = o), say a
few percent, while the remaining estimates are all reasonable and more or less
clustered together. This effect has been noted in Wahba (1983) and Section 6.3.
Generally, if only o2 is known to within an order of magnitude, the occasional
extreme case can be readily identified. As n gets larger, this effect becomes
weaker, although it still defies ordinary statistical intuition. Even with “nice”
examples with n = 200, there may be an occasional (2 or 3 out of 1,000, say)
outliers in an otherwise “pleasant” population of sample M's. One imagines that
the theoretical distribution of A can have (small) mass points at A = 0 and
A = 00 for moderate n.

My experience with GCV is that it is fairly robust against nonhomogeneity of
variances and non-Gaussian errors (see, e.g., Villalobos and Wahba (1987)), and
appears to work well when the ¢;’s are due to quantization (see, e.g., Shahrary
and Anderson (1989)). Andrews (1988) has recently provided some favorable
theoretical results for unequal variances. However, the method is quite likely
to give unsatisfactory results if the errors are highly correlated. It has given
poor results when used to smooth a sample cumulative distribution F,, for
example, where F,(z;) — F(x;) and F,(z;) — F(z,) are correlated (Nychka,
1983) whereas differencing the data (see, e.g., Nychka et al. (1984)) so that the
€;’s are nearly independent has given good results. In a recent thesis, Altman
(1987) discusses GCV in the presence of correlated errors. Of course if the noise
is highly correlated, it becomes harder to distinguish it from “signal” by any
nonparametric method that does not “know” anything about the nature of the
correlation.

Trouble can arise with GCV if one has “exact” data (i.e., 62 = 0) and some of
the A, appearing in (4.6.3) are insufficiently distinguishable from machine zero
even though (in theory) they are strictly positive. In this case the theoretically
“right” A is zero, but in practice the numerical calculations with A = 0 or A
near machine 0 can cause numerical instabilities and an unsatisfactory solution.
Behavior of the A,, in some well-known problems is discussed later.






CHAPTER 5
“Confidence Intervals”

5.1 Bayesian “confidence intervals.”

Continuing with the Bayesian model

M
F(t) = 3 8.u(t) +62X (1), te T,
v=1
Y, = LiF+eg

as in (1.5.8), we know that
lim E(F#)|Y = gii = 1,...,n) = fo(2)

with A = o%/nb. The covariance of f\(s) and fy(¢), call it cx(s,t), can be
obtained by standard multivariate techniques. A formula is given in Wahba
(1983), which we do not reproduce here. (This formula also involves b.)

By the arguments in Section 1.5,

and it is not hard to show that the covariance of Lgfy, and Lgofy is

Lo(syLoogeyca (s, ).
An important special case that will be used to construct “confidence
intervals” is: The covariance matrix of (L, fx,..., L, fa) is

cov (Lif,...,Lafr) = a2 A(N). (5.1.1)

One way to derive (5.1.1) is to consider the Bayes model of (1.5.8) before letting
a — 00. Then the joint covariance matrix of (L, F,..., L, F,Y,,...,Y,) is

( aTT' + b aTT' + bT )
27

AT o BT
L i T 0L

\

Then we have
Lifx

Lan
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where A*(A) = (aTT' + bE)(aTT' + bT + 02I)7!, with A = o?/nb. It can be
verified using the limit formulae (1.5.11) and (1.5.12) that lim, oo A%(A) = A(N).
Then

Llf)\ - LIF LlF
= - lim (I - A%(})) + A%(A)e,
Lan - LnF LnF
with covariance
lim [(1 = A*(A)(aTT" +bE)(I — A*(N) + 024%(A) - A%(N)]. (5.1.2)

The collection of terms in (5.1.2) shows that the quantity in brackets in (5.1.2)
is equal to o2 A%(\), giving the result.
Considering the case L;F = F'(t;), we have that (5.1.1) suggests using as a

confidence interval
Fi(ti) £ 20724/ G2ai(A),

where A and 62 are appropriate estimates of A and o2 and z, /2 18 the a/2 point
of the normal distribution.
The estimate

~

52 RSS(A)
" Trace (I — A(:\))

(5.1.3)

where RSS()A\) is the residual sum of squares, was used in the example below.
Although to the author’s knowledge theoretical properties of this estimate have
not been published, good numerical results in simulation studies have been found
by several authors (see, e.g., O’Sullivan and Wong (1988), Nychka (1986a,b,
1988), Hall and Titterington (1987)). The argument is that trace A(}) should
be considered the degrees of freedom (d.f.) for signal, by analogy with the
regression case, and trace (I — A(;\)) is the d.f. for noise. On a hunch, it was
decided to study these “confidence intervals” numerically with smooth functions
and the GCV estimates A of A.

Figure 5.1 gives a test function from Wahba (1983). Data were generated
according to the model

241 25+1 .
Zlij:f( N ' IN )+€¢j,’t,]=1,...,N

with N = 13, giving n = N? = 169 data points. The peak height of f was
approximately 1.2 and ¢ was taken as .03. [5 was the thin-plate spline of Section
2.4 with d = 2,m = 2. Figure 5.2 gives four selected cross sections for four fixed
values of 1,2 = (20 4+ 1)/N, for i = 7,9,11,13. In each cross section is plotted
f((2i +1)/N,z3), 0 < 23 <1 (solid line), fi((224+1)/N,z32), 0 < 25 < 1, where
f3 is the thin plate smoothing line (dashed line), the data, vij, J =1,...,13, for
¢ fixed, and confidence bars, which extend between

Fr3((20 4+ 1)/N, 22(5)) £ 1.965 (A)1/ ;.45 (A).
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FIG. 5.1. Test function for confidence intervals.

Of the 169 confidence intervals, 162 or 95.85 percent covered the true value of
flx1(@), z2(7)).

We take pains to note that these “confidence intervals” must be interpreted
“across the function,” as opposed to pointwise. If this experiment were repeated
with the same f and new ¢€;;’s then it would be likely that about 95 percent of
the confidence intervals would cover the corresponding true values, but it may
be that the value at the same (x;,22) is covered each time. This effect is more
pronounced if the true curve or surface has small regions of particularly rapid
change. In an attempt to understand why these Bayesian confidence intervals
have the frequentist properties that they apparently do, it was shown that

ET()\*) = afr-;zaﬁ()\*)u + o(1)), (5.1.4)
i=1

. . PRy T R —

where A* is the minimizer of ET(A*) and, in the case of the univariate polynomial
spline of degree 2m — 1 with equally spaced data, a € [(1+1/4m)(1 —1/2m), 1],
that is, (¢2/n) Tr A(A*) is actually quite close to ET(X*) = b2(X*) + a2ua(X*).
Nychka (1986a,b, 1988) and Hall and Titterington (1987) later showed that
the lower bound obtained, and Nychka gave a nice argument rigorizing the

interpretation of intervals as confidence intervals “across the function” by
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T fixed at .4231 Iy fixed at 5769

) fixed at 7308 Z fixed at 9615

1.0
.8
,_‘.6
4
.2 !/})‘-{,\{\i\—
*
05‘1.1A:L11.111.| A
Q 1 2 3 4 5 .6 7 8 9 1.0

FIG. 5.2. Cross sections of f, f5, and “confidence intervals.”

working with the “average coverage probability” (ACP), defined by

=S PLS() € Canlto))

where Cg5(t;) is the ith confidence interval. These and similar confidence
intervals have also been discussed by Silverman (1984) and O’Sullivan (1986a).
Nychka (see also Shiau (1985)) argued that a confidence interval based
on the distribution A(0,u? + ¢2) should not be, in a practical sense,
too far from correct when the true distribution is N(u;,c2), provided
that u? is not large compared to o7. Here let p; = Ef5(t:) — f(t:)
and o? = E(f3(ti) - Ef:\(tz-))z. We are, “on the average,” replac-
ing N (pi,a?) with N(0, u? + o), since 1/n S0 (12 + 02) = B2(A) + o 2pa(R)
~ b2(X*) + a2uz(\*) = ao?/n ¥ aii(A*)(1 + o(1)) by (5.1.4). The minimiza-
tion of T'(A) with respect to A entails that the square bias 5*(A*) be of the same
order as the variance o2us(A*). In examples it tends to be of moderate size with
nnnnnn + +tn tha cyanianan ’
ITOpPCUL LU LLIT Vallalilt.

Considering the case of univariate spline smoothing in W,,,,we remark that if f
is going to be in H e of (4.5.4) for some p > 1, then f must satisfy some boundary
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conditions. For example, let p =1+ k/m for some k < m; then f € Hpise/m if
FE+FmeLy and fFM(0) = fM Q) =0forv=m,m+1,...,m +k — 1. Thus f
can be “very smooth” in the interior of {0,1] in the sense that f(+™)el,, but
if f does not satisfy the additional boundary conditions, then the higher-order
convergence rates will not hold (see Rice and Rosenblatt (1983)).

In the case of confidence intervals, if f is “very smooth” in the interior, but
fails to satisfy the higher-order boundary conditions, this would tend to cause the
5 percent of coverage failures for 95 percent confidence intervals to repeatedly
fall near the boundary. This is similar to the way that the failed confidence
intervals tend to repeat over a break in the first derivative of the true f if it
occurs in the interior of [0,1]. (See Wahba (1983) for examples of this.) Nychka,
(1988) has proposed procedures for excluding the boundaries.

5.2 Estimate-based bootstrapping.

Another approach to confidence interval estimation may be called “estimate-
based bootstrapping” (see also Efron (1982), Efron and Tibshirani (1986)). Tt
goes as follows. From the data obtain f; and &2(5\), then, pretending that fy is
the “true” f, generate data

Ui = f5(t:) + €,

where & ~ N(0,62(})), from a random number generator. (Here we are
supposing that L; f = f(¢;).) Then find f;, based on the data §. Upon repeating
this calculation I times (with [ different €), one has a distribution of I values of
f5(t;) at each ¢, and the /2 Ith and (1 — @/2) Ith values can be used for a
“confidence interval” (see, for example O’Sullivan (1988a)). The properties of
these “confidence intervals” are not known. Plausible results have been obtained
in simulation experiments, however. It is possible that the results will be too
“rosy,” since f; can be expected to display less “fine structure” than f. It would
be a mistake to take the raw residuals ez()\) =y — fi(ti), i =1,...,n and
generate data by

Ui = fi(ti) + &
where ; is drawn from the population {&(}),...,&,(})}, since 1/n¥ &) =
RSS(A) ~ o2/Tr (I ~ A(})), the & should be corrected for d.f. noise first if this

approach were to be used.
Other important diagnostic tools are discussed in Eubank (1984, 1985).






CHAPTER 6
Partial Spline Models

6.1 Estimation.

As before, let H = Ho @ H;, where My is M-dimensional, and let L,,..., L, be
n bounded linear functionals on M. Let 4, ..., %, be ¢ functions such that the

an N o~ daal

b e sun s S EPRY @ .0 T WL N Y RS
e Ay LIAULIA O WILLIL (7 L1 CLILLY
Sir = Lty

is well defined and finite. Letting the matrix T, x s have ivth entry L;¢, as
before, where ¢,,..., ¢ar span Hy, we will need to suppose that the n x (M + ¢)
matrix

X=(5:T7) (6.1.1)

is of full column rank (otherwise there will be identifiability problems). The
original abstract spline model was

y,-zL,:f+e,-, z'=1,...,n,
féﬁ() f Hl
Find f\ € H to minimize

& 2= L) + MR

The partial spline model is

q
vi=Y BLir+Lif+e, i=1,...,n (6.1.2)
r=1
where
feH=Ho®H,
as before. Now we find 8 = (B1,...,8;)" and feH to minimize
n q 2
':; Zl (yi - rzlﬂrLﬂpr - Lif) + ’\"Plf”'%t (6'1'3)

73
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I originally believed I was the first to think up these wonderful models around
1983 while enjoying the hospitality of the Berkeley Mathematical Sciences
Research Center. Their generation was an attempt to extend the applicability
of thin-plate splines to semiparametric modeling of functions of several variables
with limited data, and the result appears in Wahba (1984b, 1984¢). The work
was also motivated by the ideas in Huber (1985) on projection pursuit concerning
“interesting directions.” I soon found that the idea of partial splines, which has a
wealth of applications, had occurred to a number of other authors in one form or
another—Ansley and Wecker (1981), Anderson and Senthilselvan (1982), Shiller
(1984), Laurent and Utreras (1986), Eubank (1986), Engle, Granger, Rice and
Weiss (1986), to mention a few. (The work of Laurent and Utreras and Engle et
al. appears earlier in unpublished manuscripts in 1980 and 1982, respectively.)

The application of Engle et al. is quite interesting. They had electricity sales
y: billed each month i for four cities, over a period of years. They also had
price 91, income 2, and average daily temperatures z, for each month, by city.
The idea was to model electricity demand h as the sum of a smooth function
J of monthly temperature z, and linear functions of v, and 1, along with 11
monthly dummy variables s, ..., 113, that is, the model was

13
h(@,1,.. ., 13) = Y Brpr + f(2)
v=1

where f is “smooth.”

Engle et al. did not observe the daily electricity demand directly, but only
certain weighted averages L;h of it resulting from the fact that the total monthly
sales billed reflected the staggered monthly billing cycles. Thus, their model was

13
yi=> B Lip + Lif +&, i=1,2,...,n

r=1

An additional twist of their model was the assumption that, rather than being
independent, the ¢;’s followed a first-order autoregressive scheme

€ = pei—1 + &,

where the 6;’s are independently and identically distributed for some p. This
assumption appeared reasonable in the light of the staggered data collection
scheme. For the right p the quasi-differences

Yi = Yi — PYi—1

result in a new model with independent errors
13
g =Y Grliyy + Lif +6;, i=1,...,n,
r=1

where L; = L; — pL;_,. They fit the model (6.1.2) with || P, f||2 = [(f" (z))%dz,
using gridpoint discretization, whereby the function f is approximated by a
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vector of its values on a (fine) grid. L;f is a linear combination of the values
of f, [(f "(x))2dz is replaced by a sum of squares of second divided differences,
and so forth. The influence matrix A(A) can be found and the GCV estimate
= A, found. Little detail was given on their selection of p but Engle et al.

ted that all of their estimates for p appeared to be quite similar. Altman

A
note
(1987) has reiterated that care must be taken when the errors are correlated and
has studied in depth some procedures appropriate in that case, including the
selection of p.

Returning to the abstract partial spline model, from the geometric point of
view of Kimeldorf and Wahba (1971), we have not done anything new, except
adjoin span {¢,}9_, to M, giving a new Hilbert space H

H =Hoo ® Ho & Hi,

where Hoo = span{¢,}. Then Ho = Hoo & Ho is the (new) null space of the
penalty functional. By the same argument as in Kimeldorf and Wahba, one
shows that

q M n
h=3 Brr + Y duty + Y cibs, (6.1.4)
r=1 v=1 =1

and the problem becomes: Find 3, ¢, d to minimize

1
~lly = 88— Td — Sc||* + Ac'Se.
Lettin = ( A )
ga= d ) we get

1
E”y — Xa — Zc||? + Ad'Ze,

(E+nic+ Xa=y,
X'e=0,
and the GCV estimate of A can be obtained as before.

We did not say anything concerning properties of the functions 1,..., %y,
other than the fact that the L;iy, must be well defined and the columns of
X = (S : T) must be linearly independent with ¢ + M < n. It does not
otherwise matter whether or not the v, are, say, in H as the following way of

looking at the problem from a geometric point of view will show.
Let H be a Hilbert space with elements

h = (h09f0’f1)

where hoeHoo = span {1}, foeHo and freH1, Ho and H; being as before. We
define the projection operators Pyg, Fy, and P; in ‘H as
POOh = (h'OaOaO)v
Pﬂh = (Oa an O)a
Plh = (05 0: fl)a
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and the squared norm

IR15, = Nholi3, + 1 foll3e, + I1f1]13,
= [IPoohll7; + IPohilZ, + || Puhl|%.

By convention L;h = L;hg + L;fo + L;f;. Now consider the following three
problems.

1
- Z(yz — L;h)® + APy b))%,
=1

PROBLEM 2. Find 3® and h{?, the minimizer in (E9, ) of

2
1« 2 X
- Eﬂ: (y, = '5'—1 BrLithy — Lih) + M| (Poo + P1)A|l5;-

PrOBLEM 3. Find 3, d®), and h{¥, the minimizer in (E9, EM, ) of

n g M 2
t=1 r=1 v=1

It is not hard to convince oneself that, if

. M . .
A = (Z ﬂrwr,deu,fl)
r=1 v=1

then
M ~ ~ ~ ~
hP = (0, > dugu, fl)  BP =4
p=1
and X X o X
AP = (0,0,£), B =5, d¥ =4,
where

B = (Bla"'s)é’q)’a d= (Jla---aJM)I-

What this says is that explicitly representing an element of a particular subspace
in the sum of squares term effectively puts it in the null space of the penalty
functional, whether or not it is there already.

Another important application of partial spline models is to model a function
of one or several variables as a function that is smooth except for a discontinuity
in a low-order derivative at a specific location. Here, let f € W,, and let

hz) =S 8oy, (@) + ()
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where ¢, (z) = (r — z,)¥. Here h will have jumps in its derivatives at z,,

lim Al (z) — lim A{%)(z) = 3, - g,!

x|z, zlz,

This problem was discussed by Ansley and Wecker (1981), and Laurent and
Utreras (1986). Shiau (1985) considered various classes of jump functions in
several variables, and Shiau, Wahba, and Johnson (1986) considered a particular
type of jump function in two dimensions that is useful in modeling two-
dimensional atmosphere temperature (as a function of latitude and height, say)
where it is desired to model the sharp minimum that typically occurs at the
tropopause.

Figure 6.1 from Shiau, Wahba, and Johnson (1986), gives a plot of atmo-
spheric temperature h(z,l) as a function of height 2z and latitude /. In keeping
with meteorological convention, this figure is tipped on its side. The model was

Wz, 1) = By (1) + f(z,1)

where f is a thin plate spline and

w(z’ )= lz - z*(l),°

z*(1) is shown in Figure 6.2 and t(z,1) is shown in Figure 6.3.

6.2 Convergence of partial spline estimates.

We will only give details for ¢ = 1. The results below can be extended to the
general case of ¢ << n — M. We want to obtain a simple representation for
B = B, to examine the squared bias and variance. The calculations below
follow Shiau (1985), Heckman (1986), and Shiau and Wahba (1988). The model
is

yi=pBLip +Lif +e,i=1,...,n (6.2.1)

and the partial spline estimator of 8 and f € M is the minimizer of
1 n
—> (= BLp — Lif)* + AP S| (6.2.2)
1=1

Let s = (L1%,...,Lay) and Ap(A) be the influence matrix for the problem
(6.2.2) if 3 is identically zero. It is easy to see that, for any fixed 3,

Ly fa
: = Ao(A)(y — 3B),
Ln fa
by minimizing (6.2.2) with (y — s3) as “data.”
As in Section 4.5, letting Pifn = Tci&;, we have ||Pifi]? = ¢Ze, and,

since nAc = (I — Ag(A))(y — sB), after some algebra, we obtain that ni¢'Yc =
(¥ — 88) Ag(A\)(I — Ap(N))(y — sB) and (6.2.2) is equal to

=y — 38) (I — As(A)(y — 3B).

n
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Tropopause
o el

£

—

h

FIG. 6.1. FEstimated temperature h(z,¢) as a function of height z and latitude ¢.

Minimizing over 8 (and relying on the assumption that Ags # s, which follows
from the assumption that s and the columns of T" are linearly independent, recall
that the the columns of T' are the eigenvectors of Ay with unit eigenvalue), we
have

Br = (s'(I — Ag)s) s’ (I — Ag)y. (6.2.3)

Letting g = (L1 f,..., Lo f), we have
s'( — Aog)(g +¢)

Br—B= T Ay (6.2.4)
so that
bias () Z:—g{“%ﬁ
var(By) = o2 Ao)’s (6.2.5)

[8'(1 — Ag)s]*
Let Ag be as in (1.3.23) and (4.4.2), that is,

I — Ag(M) nAQ2(Q3(Z + nAl)Q2) 7' Qs,

It
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Q:XQ; = UDU',
L = Q.U

Let
h=T'g, wu=TI's.

Then we have
) . _ (NA)tynhyn nA 2
(bias) (B) = BT > o 1 7 (6.2.6)

. ) nx o\, nA o, \?
var(ﬁ)\) = 0 Z(M) uun/ (Z muun) :

Asymptotic theory for the squared bias and variance of Bx has been developed
by several authors under various assumptions.

Heckman (1986) considered the case where the components of s (and hence
the u,,) behaved as white noise, and | P, f||? = fol(f(m)(u))2 du. She proved
that if nAY2™ — oo and either A — 0, or |PLfII? = 0, then /n(Bx — B) is
asymptotically normal with mean zero and finite variance. See also Chen (1988).
In this case we note that a parametric rate for MSE(B,\) is obtained in the case of
an infinite-dimensional “nuisance” parameter g. See Severini and Wong (1987)
for a discussion on infinite-dimensional nuisance parameters.

Rice (1986) considered the case where s; = 8(t;) + 6; where s(-) is “smooth”
and ¢; behaves like white noise, and found that the parametric rate 1/y/n cannot
hold.

Shiau and Wahba (1988) considered the case where s; = s(t;) with s a
“smooth” function, such that

Uyn ~ V1P, (6.2.7)

=

w
=

Run ~ V™9,
—2m -
Apn = NV , v=1,...,n— M.

We also assumed that ¢ > p > % so that s is “rougher” than f, and s € Cs.

To analyze the behavior of bias? (3\) and var (,5’,\), one substitutes (6.2.7)
into (6.2.6) and sums, using the lemma

no et A O(AKR6=D/ry  jf =l <«
uzzl ((1+Av’")) - (6:2:8)

O(AF) if 821 > p)

good for r > 0,6 > 0 and k > 1. Some of the results are given in Table 6.1. The
third column of Table 6.1, Aoy, is the rate of decay for A that minimizes MSE

(By) = bias®(8x) + var(Bx), and the fourth column is the MSE for A = Aopt -
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TABLE 6.1
Bias, variance, Agp, and MSE (Ap4) for Bi.

bias?(By)  var(B)  Aepe(By) MSEs,,, ()

2Zm>p+g-1 AN (nA%)"1 pTEET et
p+g—-1>2m>2p—1 MR (%1 ol g Toeemer
2p—1>2m 0(1)

We now compare the rates of convergence of A* and Agp;, where A* is the

optimal rate for minimizing the predictive mean-square error T'(A) in smoothing
splines. We have

ET()) = %Elig + 58— gx — 3Bl
. %E|l(g+sﬁ) — Ao(A)(g + 38 +€ — 3B3) — s/ ?
1 N
= ;;EH(I—*Ao(/\))(g*S(ﬁA — B)) — Ao(N)el|?

= B~ AN))g — 8((1 — Ao(A)))™ 5 (I = Ap(A)g)

(I = Ao(\)s(s' (I ~ Ao(A))) " (s'(T = Ao(A)e) — Ao(N)el?
= %II(I — Ag(N))(g — s - (bias(Bx)))||? (squared bias term)

2
+ = {trAB) + 26 = Ao(W)Ao(N) (I — Ao(W)sls’ (T — Ao(X))s]™*
+ 8'(I = Ao(N)?s var(By)/o?} (variance term).

We just consider the case 2m — 2¢ + 1 > 0. Then under the assumption we
have made on the h,, and A,,, we have that the two main terms in the squared
bias term are:

~I(T = Ao(A)gl? = 01/

1 . e i
~[I(I— Ao(A)s|*bias(Br) = OAEP=D/2m). o(Aa=/2m)
— O(/\(2q-—l)/2m)

and it can be shown that the variance term is dominated by

0.2
— tr AZ(\) = O(n~1A71/2m),
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If there is no cancellation in the squared bias term, then we get
Squared bias + variance = 0()\(24—1)/2m) + O(n—l/\—l/Zm)

and
A* = O(n™2m/2),

whereas from Table 6.1, we have
dopt(Br) = O(n=2m/(24=1)) when 2m > p+¢ — L.

So that in this case, Agpt (BA) goes to zero at a faster rate than X\*.
Speckman (1988) and Denby (1986) have proposed an estimator 3y that can
have a faster convergence rate than 3y of (6.2.3). It was motivated as follows.
Let § = (I — Ao(A))y be the residuals after removing the “smooth” part
Ao(A)y, and let § = (I — Ag(A))s. Then by regressing § on 3, the Denby-
Speckman estimate 3y of 3 is obtained:

Br = (33)718§ = ['(I - Ao(X))?s] 718 (I — Ao(N))%y.
Formulas analogous to (6.2.6) for ﬁ,\~ are obvious. Table 6.2 gives the square bias,

variance Aqpt, and MSE (Agpt) for 8y, from Shiau and Wahba (1988).

TABLE 6.2 5
Bias, variance Agpt, and MSEqp: for Bi.

bias®(8)) var(3y) Aopt(Br)  MSEy opi(B)
2m > Big=l AR (%R g 3
pte=l > om > 21 (G AR et

=1 > 2m 0(1)

It can be seen by comparison of Tables 6.1 and 6.2 that there are combinations
of p,q, and m for which MSE,__, (B) is of smaller order than MSE,,,, (Bx), and
combinations for which they are the same order (see Shiau and Wahba (1988)
for more details).

6.3 Testing.

Returning to our Bayes model of

Y = Z 9ULi¢y + bl/zLiX + €, 7 = 1’ .., n, (63_1)

v=1
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we wish to test the null hypothesis

M
b=0,yi=)» O,Lid,+e, i=1,...,n (6.3.2)

v=1

versus the alternative
b#0. (6.3.3)

Letting Tnxp = {Ligy}, and T = {Ly)L;yQ(s,t)}, where EX(s)X(t) =
Q(s,t), we have
y ~ N(T8,b% + o*I)

under the “fixed effects” model, and
y ~ N(0,6TT' + b + ¢%1)

under the “rando

=
®
P
)
[nat
m\-
2
[oB
o

y-,":f(l'i)-f-fi, i=1,...,n

with the null hypothesis f a low-degree polynomial, versus the alternative,
[ “smooth.” Yanagimoto and Yanagimoto (1987) and Barry and Hartigan
(1988) considered maximum likelihood tests for this case. Cox and Koh (1986)
considered the case f € W, and obtained the locally most powerful (LMP)
invariant test. Cox, Koh, Wahba, and Yandell (1988) considered the LMP
invariant test in the general case, and obtained a relation between the LMP
invariant and the GCV test (to be described). In preparation for the CBMS
conference, I obtained a similar relation for the GML test (to be described) and
did a small Monte Carlo study to compare the LMP invariant, GML, and GCV
tests.

Let T = (@1 : @2) ( I(;I, ) as in (1.3.18). As before

T'Qq = 0.

Let

we obtain
z ~N(0,bD + 02I), (6.3.4)
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where the diagonal entries of D are A,,,v =1, ... ,n— M, that is
zu ~ N(0,bA, +0%), v=1,...,n— M.

Cox and Koh (1986) showed that the LMP test (at b = 0), invariant under
translation by columns of T, rejects when

n—M

tLMp = Z Aon?d (6.3.5)

v=1

is too large.
A test based on the GCV estimate for A may be obtained by recalling that
A = oc corresponds to feHy. In the notation of this section, we have

o= AR
R I TSI

n—M n\ 2 n—M nA 2
f— —— e 2 —_—— . e
UZ: (n)\'i')\un) zu/ (Z n/\'i')\un) (636)

=1 v=1

We have the following theorem.
THEOREM 6.3.1. V(A) has a (possibly local) minimum at A = oo, whenever

n—M

n—M
tLMp = Z A,,nzz <A Z 22, (6.3.7)
vr=1

v=1

where X =1/(n— M)S"ZM ).

v=1

Proof. Let v = 1/n, and define V(%) as V(A) with 1/nA replaced by ~, that
is,

n"W(q) = nil (]—;:—A—Y z3/ (niw 1—3_—)—) 2. (6.3.8)

LTy Y74
v=1 N\ [ [V 4 v=1 n

-2 | =

Differentiating f/(fy) with respect to -, one obtains that

n—M

n—M
>0iff D AnzZ<X Y 22
v=1

=0 v=1

We note that Z:;fw z2 is the residual sum of squares after regression of y
onto the columns of T, that is, the residual sum of squares after fitting the null
model.

An approximate LMP invariant test when ¢? is unknown is to use

n—M

n—M
2 2
tLMmp approx — E : ’\Unzy/ E : Zy-
v=1 r=1
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The GCV test is
V() _ X (E/A+m)?) 1

tcov = const. -

70 T (/) T

where 4 = 1/nA.

The (invariant) likelihood ratio test statistic tgumr, for A = 02 /nb = oo is
M(})
M(o0)’

tcML = const.

where A minimizes M(A) of (4.8.4). Upon letting ¥ = 1/n), we have

2. (212//(1 + ’?’\vn)) % 1
[I(1 + FA,,) "1/ (=M) = 5752

A

teML =

1

has a (possibly local) minimum at A = oo,

—
)
v}
s
:"
e
r‘
j

=

H

¢ be sho 1at M(A)
whenever (6 3. 7) holds.

An experiment was designed to examine the relative power of tpmp, taov, and
temL by simulation. It was to be expected that t;up would have the greatest
power for nearby alternatives but would not be so good for “far out” alternatives,
and it was tentatively conjectured that tgyy would be better than GCV for
“random” alternatives (to be defined) but GCV would be better for “smooth”
alternatives. We considered the one-dimensional cubic smoothing spline with
n = 100 data points at #; = i/n; there are 98 eigenvalues A,,, which are plotted
in Figure 6.4. This corresponds to the null hypothesis that f is linear. We also
considered a two-dimensional thin-plate spline with m = 2 on a 12 x 12 regular
grid with (zy,z2) = (i/12,5/12), i —_7 =1,...,12, thus n = 144, n — M = 141.
The null hypothesis corresponds to f(z,, z2 ), a plane. The 141 eigenvalues are
also plotted in Figure 6.4. The eigenvalues \,, for these splines decay at the
rate v 2™/ where m = 2 here and d is the dimension of z; hered =1 and d = 2.
The decay rate of the eigenvalues is readily evident.

The random alternative was

Zu NN(O, b’\un +0-2)

where the size of b controlled the distance of the alternative from the null
hypothesis, and, without loss of generality we set 02 = 1. The “smooth” fixed
function corresponded to

2, ~ N(Vbhyy, o )
with 37(hJ, /Aun) < cc. Here the h,,, are related to f(z) by
hln f(.’L'(l))
: =U'Q, :
hn—M,n f(:r:(n))
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FIG. 6.4. Univariate (n = 98) and bivariate (n = 141) eigenvalues.

Figure 6.5 gives a plot of the univariate alternative f(z) at z(é), i = 1,...,n
with & = 1; actually f was chosen so that the first four A,,’s were 1,1,-1, and
1 and the rest 0. Figure 6.6 gives a plot of the bivariate smooth alternative
f(x1,z2). This function was chosen so that the first three h,,’s were 1 and the
rest 0.

The distributions of tymp, tgev, and igmr for the univariate example under
the null hypothesis were estimated by drawing 1,000 replicates of n — M =
98 N(0,1) 2,’s, and computing 1,000 values of each statistic. Global search
in increments of log~ was used for the minimizations of the GCV and GML
functions. Care must be taken that the search increment is sufficiently fine and
over a sufficiently wide range.

Figures 6.7 and 6.8 give histograms of — logtgcyv and — logtgmy under the
null hypothesis. If V or M is minimized for v = 1/A = oo, then —logtgcy
or —logigmL is zero. We note that these were 581 samples of —logtgoy = 0
and 628 samples of —logigmr = 0. Defining S/N = (b3 An/no?)/2 and
(b3 h2,/no?)M/? for the random and smooth alternatives, respectively, 1,000
replicates of {pmp, tocv, and tgmr for a series of values of S/N were generated.
The same 98 x 1,000 random numbers were used for the different values of
S/N, so the data in Figures 6.7-6.14 are not independent. The histograms
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FiG. 6.5. The univariate alternative.
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FIG. 6.7. Histograms for —logtgoy, univariate deterministic ezample.
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for —logtgcy and —logtgmy for the univariate smooth function case for
S/N = .102 appear in Figures 6.7 and 6.8. It can be seen that a nonnegligible
mass point appears at zero. Using the 95 percent points of the simulated null
distributions as cutoff points, the probability of accepting the null hypothesis
for various values of S/N was estimated by counting how many of the 1,000
simulated values of ¢ fell below the cutoff. These estimated type-two errors are
plotted for the three statistics for the univariate smooth alternative in Figure
6.9, for the univariate random alternative in Figure 6.10, and for the bivariate
smooth alternative in Figure 6.11. It appears that tgoy is slightly better in
the deterministic example and ¢gmp in the random example, but we do not
believe these experiments are definitive. The sampling error is fairly large (and
its magnitude is not evident in the plots because the same random numbers were
used for different S/N), and in other experiments the reverse was found. The
results can also be surprisingly sensitive to the search procedure used.

Figures 6.12-6.14 show the histograms for the three test statistics for
six values of S/N. We remark that in practice Monte Carlo estimation of

e .. o ey
distributions such as these can be important.

The distributions of the test statistics —logtgoy and —logtgmr have a
mass point at zero, which shrinks as S/N becomes larger. This mass point
is not plotted separately in the histograms of Figures 6.12 and 6.13, but is
displayed in Figures 6.7 and 6.8. The continuous part of some of the distributions
appears to have a bimodal density, although to see the exact behavior near zero
probably would require a more delicate search procedure than we have used.
Simple asymptotic approximations to the distributions are, in our opinion, not
necessarily trustworthy for practical use due to the complex structure of these
distributions.
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FIG. 6.12. Histograms for —logtgcy, univariate deterministic ezample.
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CHAPTER 7
Finite-Dimensional Approximating
Subspaces

7.1 Quadrature formulae, computing with basis functions.

Suppose we wish to compute the minimizer in Hg of

1 ¢~

@ Dl = Ll AP (7.1.1)

=
where either n is very large, and/or, we do not have a closed form expression for
£i(t) = Lyw)R* (¢, w).

If, for example,

L = [ Ktwswds

Q

then
&i(t) = /Q K(t;,w)R(t,u) du, (7.1.2)

and, if a closed form expression is not available for ;(¢), it would appear that a
quadrature or other approximation to (7.1.2) would be necessary.

A quadrature formula in the context of Hy can be obtained as follows. Let
$1,..-,8n be N (distinct) points in 7 such that the N x M matrix with lvth
entry ¢,(s;) is of rank M, and, for any f € Hg, let fo be that element in Hg
that minimizes || Py fo||? subject to fo(si) = f(s1), L =1,...,N. Then, if 7 is the
representer of integration in Hg

<nf>= /f(s) ds, (7.1.3)

we approximate < n,f > by < =n,fo >, which is a linear com-
bination of the values of f at s;,...,s~ (i.e., a quadrature formula).
Certain classical quadrature formulae can be obtained this way (see
Schoenberg (1968)). Now define # by the relationship < #,f >=
< n,fo > al f € Hg. Since < 7, f > depends on f only through
f(s1),...,f(sn), it follows that # is in span {R,,,...,R,,}, where R, is the

representer of evaluation at s;. Thus < 7, f — fo >=0, for any f € Hg. It can

95
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also be shown that < 5 — 1, f >= 0 for any f € H,, that is, the quadrature
approximation is exact for f € M. This is equivalent to n — % L Hy. These
facts result in the so-called hypercircle inequality (see Golomb and Weinberger
(1959), Wahba (1969)), which goes as follows. Since < 4, f >=< 7, fo >, we
have

<n-—nf>=<nf-fo>=<n—0f—fo>=<n—9P( - fo) >

=< Pi(n—1%), Pi(f - fo) >
so that
|<nf>—<9, NP = fo)ll.

High-order convergence rates for ||Py(f — fo)|| are available in the context
of univariate splines (see Schultz (1973a), Schumaker (1981)), and thin-plate
splines (Duchon (1978)). The famous “optimal quadrature” problem can be
formulated as the problem of choosing si,...,sy to minimize ||P;(n — )| or
supsege [PA(f — fo)|| for some class € (see Schoenberg (1968) and Section 12.2).

This kind of quadrature was discussed in Nychka et al. (1984) in the context
of numerically minimizing (7.1.1) and it was noted that essentially the same

accuracy can be obtained in a computationally much simpler way by minimizing
(7.1.1) in a certain subspace Hy spanned by N suitably chosen basm functions.
Given basis functions By, ..., By, one sets
N
f= E cx Bk,
k=1
substitutes this expression into (7.1.1), and solves for the coefficients c1,. .., cx.

We next discuss the choice of basis functions.
In Wahba (1980b) it was proposed, in the context of L;f = f(t;) with
very large n, that a good subspace Hy of basis functions can be chosen as

follows. Choose s,,...,sy points distributed “nicely” over T, and let the basis
functions By,..., By bP chosen as follows. Let B;,..., By be ¢1,...,¢x. Let
= (uigy .- ., um) y--+y,IN—M be N — M linearly independent vectors

with the property

> upib(sk) =0, 1=1,....N=M, v=1,....M (7.1.4)
k=1

and let

Bu+i =Y umPiR,,, l=1,....N - M. (7.1.5)

We have that for any f € Hg, fo, that element in Hg, which minimizes 1Py fol|?
Sub]e(‘f to fn(Qr\ = f{‘h l = l,i_i N ig in 7“(:. Tt g0 hannenc in WA I0 11

[ aiz S A % o SACT R I R ¥ 93 vrmLU, LJ

(but not in general) that there exist coefﬁments gy in (7.1.5) so that the
By, 1=1,2,..., N—M have compact support. This special case is important,
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so we will describe it in some detail. The coeflicients are those that characterize
ordinary divided differences. We show this next., Here, M = m and we let
81 < 83 < ... < sy. Using the reproducing kernel for W, [0, 1] given in Section
1.2 we have, for any fixed s,

1 (S _ u)m—l(t _ u)m—l
PiR,(t) = /0 [(; L t gu—&,(t), say.

Recall that, for fixed s, £, considered as a function of t, satisfies
& en'™l te0,s),

g, en™ te s 1],

£s has 2m — 2 continuous derivatives, and £,(¢) is symmetric in s and ¢. Let
[s1,- -, Si+2m)€s denote the 2mth divided difference of £, with respect to s, for
example, a first divided difference is 31, s2)€s = (€5, — &s,)/(s2 — 81)- Let

Bm+l = [81,.. -31+2m]§s, = 1,.. .,N — 2m.

Then B,,;; (considered as a function of ¢) is a linear combination of
31165141+ 1 €s1p2m - Bma+1 18 hence a piecewise polynomial of degree at most
2m — 1 with knots at s;,..., 8;12m, and possessing 2m — 2 continuous deriva-
tives. We next show that By, (t) = 0 for t & [s;, 8142, ). For any fixedt < g < s

we may write
m—1

L(t) =) 8" fult), s=s >t

=0

for some f,,’s, since &,(t) is a polynomial of degree m —1 in s for s > £. Similarly,
for t > s;Lom > s we may write

2m—1 .
&)= S s ft)
v=0
for some fl,. Since [sf, ..., Sipom)s” = 0 for any r = 1,2,...,2m — 1, it follows

that
[s1,. -, Si42m)&s(t) = Bmyi(t) =0, t & [81, Si42m]

This gives N — 2m basis functions with compact support; the remaining m may
be obtained, e.g., as

BN—m+k = [SN—2m+ka' c 78N]§S’ k= 11" -, M,

and then By _p k) (t) = 0, for ¢ < sy_omyk-

Basis functions with compact support that span the space of natural
polynomial splines with knots s;,...,8,,8; € [0,1] are studied in some detail
in Schumaker (1981, §8.2). n — 2m of these basis functions are so-called B
splines. These B splines are piecewise polynomials of degree 2m — 1, with 2m —2
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continuous derivatives, have exactly 2m + 1 knots, 8;,...,8;,2m, and are zero
outside [s;, s, 2m]. It is known that (nontrivial) piecewise polynomials of the
given degree and order of continuity cannot be supported on fewer knots. For
equally spaced knots, with spacing h, the B splines are translated and scaled
versions of the convolution of 2m uniform distributions on [0,h]. In general
they are nonnegative hill-shaped functions. They are very popular as basis
functions both for their good approximation theoretic properties and their ease of
computation. Simple recursion relations are available to generate them directly
(see Lyche and Schumaker (1973), deBoor (1978), Schumaker (1981)). Software
for generating B-spline bases given arbitrary knots s; is publicly available (see
Chapter 11).

Given basis functions By, ..., By we now seek fwn a of the form

N
fna= ZCkBk
k=1

to minimize

CkC1OkL,
1

=

I

1 n N 2
~ (yz - xikck\ + A
=1\ k=1 / k,l

where
T = ] K (t;, 3)By(s) ds

and
oy =< B, PB; >.

For Hp = W,,[0,1],

1 dm am
Okt =/0 @Bk(x)d—fn—Bg(x)da:

and oy; will be zero if By, and B, have no common support. Then
c=cy=(X'X+n)E)"1X'y

and
AN =X(X'X +nA2)"1X". (7.1.6)

Here, we really have two smoothing parameters, namely, A and N, the number
of basis functions, assuming the distribution of 81,...,8y for each N is fixed.
In principle one could compute V(N, A) and minimize over both N and A. We
think that, to minimize errors due to numerical approximation, one wants to
make N as large as is convenient or feasible on the computing equipment, or at
least large enough to ensure that no “resolution” is lost at this stage, and then
choose A to minimize V.
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7.2 Regression splines.

A number of authors have suggested using regression splines (i.e., A = 0),
particularly in the case L; f = f(t;). Then N is the smoothing parameter. In this
case V is particularly easy to compute, since trace A(N) = N/n. von Golitschek
and Schumaker (1987) show, under general circumstances, that if f € Hy, then
it is always better to do smoothing as opposed to regression. They show that
there is always some A > 0 that is better than A = 0 in the sense that, if f & Hy,
then ET()A) defined by

E Z(Lif — Lifs)?
i=1

satisfies (d/d)AET(A)|x=0 < 0.

Furthermore, for L;f = f(¢;), and Hr = W,,, Agarwal and Studden (1980)
have shown that the optimal N is O(1/n!/2™+1) = O(1/n'/?) for m = 2, say.
For n of the order of, say 100, the optimal N for B-spline regression will be
quite small and the estimate will not “resolve” multiple peaks that could easily
be resolved by a smoothing spline. Nevertheless, arguments have been made for
the use of regression splines in the case of extremely large data sets, and/or in
situations where one does not expect to recover much “fine structure” in the
estimates. (That is, when the true f is believed to be approximately in Hy for
small N.) If the knots, that is the si, are also considered free variables, then
more flexibility is available. If the knots are chosen to minimize the residual
sum of squares, then trace A(NV) can be expected to be an underestimate of the
degrees of freedom for signal in the denominator of the GCV function. Friedman
and Silverman (1987) and Friedman (1989) have proposed correction factors for
this.






CHAPTER 63

Fredholm Integral Equations of the
First Kind

8.1 Existence of solutions, the method of regularization.

An equation of the form

RN

T (8.1.1)

o
—~

<«
g

fl

—

@)

o

&
N
~—
N

o
L

Q

j"

o~

m

is known as a Fredholm integral equation of the first kind. Rewriting (8.1.1) as
g=K/, (8.1.2)

we have that Picard’s theorem (Courant and Hilbert (1965, p.160)) says that
K(L2) = Hx«x, where

K * K(u,v) =/QK(u,s)K(v,s)ds.

Therefore a solution f in £y for (8.1.2) exists provided g € Hx«x. Nashed and
Wahba (1974) showed that X(Hg) = Hg, where

Qu,v) = /Q QK(u, 8)R(s,t)K(v,t)dsdt. (8.1.3)

Therefore g € Hg ensures that there exist at least one solution f € Hp. (If
K has a nontrivial null space in Hg then the solution is not unique but a
unique generalized inverse can be defined; see Nashed and Wahba (1974).) The
numerical solution of such equations has been a subject of intensive study over
a long period of time. Until 1969 however (see Wahba (1969)) the literature
concerned the case where g was presumed known exactly.

Brute force discretization of (8.1.1) to obtain a matrix equation and then
solving the resultant linear system was doomed to failure because under very mild
smoothness conditions on K(:,-) adjacent rows of the matrix will become closer
and closer as the discretization becomes finer and finer, and the calculation will
become numerically unstable. Pretending to have infinite precision arithmetic,
and infinitely accurate data, one could ask for fo € Hg to minimize ||P, fol|
subject to

g(t'e) = /K(tz‘,S)fo(S)dS, i = 1,2,...,71.

101
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In the computation of fy, the matrix M of (1.3.9) is replaced by ¥ (since A = 0),
which has ijth entry Q(¢;,¢;). The condition number of ¥ is the ratio of the
largest to smallest eigenvalue. If the ¢;’s are roughly uniformly distributed, then
the eigenvalues of ¥ will (roughly) behave as n times the eigenvalues of Q.
If K and R behave as Green’s functions for kth order and 2mth order linear
differential operators, respectively, then the eigenvalues of @ will decay at the
rate v~ (2m+2%) and the estimate of the condition number of ¥ is O(n=(2m+2k)),
If K is analytic, the eigenvalues will decay exponentially. Even with double
precision on supercomputers, such an exact solution is numerically unstable for
even moderate n.
Tikhonov (1963) suggested solving

J(9)-(3) o

approximately by (roughly), finding (f(1/n),..., f(n/n)) to minimize

5 (1050 (/)
DGR e

He suggested choosing A by trial and error. Phillips (1962) and Cook (1963)
suggested a similar approach, and these and related methods are sometimes
called Tikhonov-Phillips regularization.

The minimization of (1.3.4) was proposed in Wahba (1969) and the use of
GCV to choose A in this context appears in Wahba (1977a).

We mention only a few other references, which are directly related to the
approach discussed here: Wahba (1980a, 1981a, 1981c, 1982c), Merz (1980),
Crump and Seinfeld (1982), Mendelsson and Rice (1982), Nychka, Wahba,
Goldfarb, and Pugh (1984), Cox and O’Sullivan (1985), O’Sullivan (1986a),
Nychka and Cox (1989), Girard (1987a,b,c). See also the books of Groetsch
(1984) and the books edited by Anderson, deHoog, and Lukas (1980), and
Baker and Miller (1982). A recent translation from the Russian (Tikhonov
and Goncharsky (1987)), gives a number of applications of Tikhonov—Phillips
regularization to ill-posed problems in various fields. The discrepancy method
and trial and error for choosing A are used in the examples reported there.

2

8.2 Further remarks on ill-posedness.

The typical integral equation arising in practice can be very ill-posed; basically
this means that very large data sets can contain a surprisingly small amount
of information about the desired solution. As an example, consider Fujita’s
equation considered in Wahba (1979b) and references cited there. It is

Smax e—Bst
o(t) = [0 [Toé—e_—g—;]-f(s) ds (8.2.1)
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where 0 is given. This equation relates optical density along a tube after
centrifugation (g(t),t = distance along the tube) to f(s), the molecular weight
distribution of the contents of the tube. One should always look at the
eigenvalues {\,,} of the problem

gi = sz =< Thaf >,

which consist of M ones and the n — M eigenvalues of Q,XQ,, where ¥ is the
nXn matrix with ijth entry < Pyn;, P n; >. For the example of Fujita’s equation
considered in Wahba (1979b), with n = 41 and M = 0, we obtained the first
five eigenvalues as 1, 107%°,1077,1071%5 and 1074, The remaining eigenvalues
were “computer zero.” Loosely speaking, even with extremely accurate data (say
to eight figures), there are still only at most three linearly independent pieces of
information in the data for this problem. The “number of independent pieces of
information in the data” was considered in Wahba (1980a). Let

Y; =< "h,f> +f'i7 i = 17"'1”

and let the n x n matrix with ijth entry < n;, n; > satisfy

{< My Mj >} =% =TDr".
Let

Y1 m

' — D—I/ZFI

'd)n M

and let z be the transformed data
z =Ty,

Then _
2o = VA, <y, f > +é,,

where A, is the ith diagonal entry of D and € = (1,...,&,)" ~ N(0,62I). If
Av < 1y, f >? is large compared to o2, then one can obtain a good estimate
of < %,,f >, and, if it is not, one cannot. One might identify “the number of
independent pieces of information in the data” with the number of v’s for which
Avfo? >> 1,
We note that
gse—ﬂst

of (8.2.1) is infinitely differentiable in ¢. The “smoother” K(:,-) is, the more
ill-posed the integral equation. K(t,s) = (¢t — s)77!/(m —1)! corresponds to

K(t,s) =

g™ = f for m some positive integer. The larger m is, the more ill-posed the
problem. For m < 1 we have Abel’s equations (see Anderssen and Jakeman
(1975), Nychka et al. (1984)). A plot of the relevant eigenvalues appears in
Nychka et al. Abel’s equations are only mildly ill-posed. The equations arising
in computerized tomography (Radon transforms; see e.g., Wahba (1981c¢) and
references cited there) are also only mildly ill-posed.
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8.3 Mildly nonlinear integral equations.

Remote sensing experiments frequently involve the observation of data on mildly
nonlinear functions. For example, upwelling radiation above the atmosphere is
related to the atmospheric vertical temperature distribution, and this radiation
is measured from sensors aboard satellites (see, e.g., Fritz et al. (1972)). It is
desired to recover the vertical temperature distribution from this data for the
purpose of estimating initial conditions for numerical weather prediction. With
some idealizations the relation is

R,(T) = fop B, (T(z))r'(z) dz (8.3.1)

urface

where T(z) is the temperature at vertical coordinate z along a column of the
atmosphere in the line of sight of the satellite sensor, R, is upwelling radiance
at wavenumber v, and B, is Planck’s function

Cy U3

BT = o =1

(8.3.2)

where ¢; and ¢, are known physical constants and 7, is the transmittance (usually
assumed known). The data model is

yv=Rv(T)+€y, v=1,...,n

The following approach was proposed in O’Sullivan and Wahba (1985).
Let

T(z) ~ i cx Br(x)
where the By are B-splines, and let -
N
R,(T) = N,(c) = fB,, (Z ckBk(x)) 7. (x) dz. (8.3.3)
k=1
Find ¢ = (¢,...,cn ) to minimize
‘17; i(yi — Ni(e))? + AdZe (8.3.4)
i=1

where ¥ = {oy;}, 0y =< PiB;, AB; >. Fix A, and use a Gauss-Newton
iteration to find ¢ = ¢()): For ¢ = ¢!, the Ith iterate, we have

Ni(e) = u>)+z o,
k

Let X® be the n» x N matrix with ikth entry &N; /3Ck|c_.c(1), and let the
“pseudodata” y(" be

(ck — ). (8.3.5)

c=cl{l)

Nl(c(’))

y O =y — : + XO0 (8.3.6)
N, (C(‘))
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The minimization problem becomes: Find ¢(*+1) to minimize
1 _
Hny(” ~ XO¢|)2 + A/ Ze, (8.3.7)

and
D = (x W' x® 4 nAD) T X Gy,

This iteration is run to convergence, say until { = L = L()). Then the quadratic
approximation to the original optimization problem (8.3.4) in the neighborhood
of c¢(£) has the influence matrix 4(Z)()),

AB Q) = xD(x B x L) 4 ppyy~1x @ (8.3.8)

and the GCV function can be evaluated for this \ as

1 RSS(A)
LTr (I - AD(N))2

and the process repeated for a new .

8.4 The optimal X for loss functions other than predictive
mean-square error.

The GCV estimate of A has been shown to be good for estimating the A that
minimizes .

1
T() == Zl(Lif — Lif»)*.
1=
Suppose that one is really interested in choosing A to minimize some other loss
function, for example,

/ (at) — F(0))2 dt.

If T(A) and D(A) have to a good approximation the same minimizer, then it
is sufficient to use A. Examples where this is so numerically appear in Craven
and Wahba (1979). Suggestions for modifying the GCV function for other loss
functions have been made, notably in O’Sullivan (1986a). In the comments to
that paper I argued that, if the original problem is ill-conditioned, then the
computation of the modified GCV function is also likely to be ill-conditioned.
In any case it would be nice to know when T and D (or other loss functions)
are likely to have (approximately) the same minimizer. A number of authors

a b vniharda b ntr ntioscra 4 4L
have p"’“"'*“u convergence rate calculations that contribute to an nswer to this

question, including those in Section 4.5.

In Wahba and Wang (1987) we examined a simple family of cases that
suggests the range of results that might be obtainable in general. The result
is that under a range of circumstances the optimal rate of decay of A is the same
for a variety of loss functions, and under other circumstances the optimal rate
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of decay is different for different loss functions. We summarize the results here.
We let

o) = [ ht-s)s(s)ds, te o)

1
Yi =9(—) + €
[

and we assumed that

g(t)y = ZZQ,,COSZﬂ'ut,
r=1

h(t) = ZZh,,cosZﬂ't/t,
v=1

ft) = f:Zf,,COSZﬂ'Ut,
v=1

thus g, = h, f,. f is estimated as a periodic function that integrates to zero ans
minimizes
2

%Z:j (= [ n(E-5) s00) + 5 [ U

Letting

IRVOR i
g'u:—ﬁ—;inOSZ‘]TU H )

then, to an approximation good enough for our purposes

n
fals) = 2 Z £, cos2mws
v=1

where -

f _ hugu .

Y7 h2 4 Ap2m’
furthermore,
1 n
aa(t) = f h(t — s)fa(s)ds ~ 2 ZQ,, cos 27vt
0 v=1

with

gu = hufu-

Then the mean-square error in the solution is

/ (fals) = f)Pds = (R = )
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the mean-square prediction error is

L5 () (2)' = L0 sra S

v=1
n
= Z hnzz(fu - fu)za
v=1
and the mean-square error in the /th derivative of the solution, if it exists, is

n

/0 (£ (5) — fO(s)2ds = 3 (2mv)* (£, — £)%.

rv=1
Now

= —Z( ( +€; COSZWU(;)~gu+€u:

where ¢, ~ N (0,02%/n) giving

. atm 2 h2o?
E(f, — )02 = | —— 2 z . 8.4.1
(fll fu) (h,% +Ayzm) fu + (h?, + )\UZ'ITL)Z ( )
Wahba and Wang (1987) considered loss functions of the form
n ~
TQ(A) = Z: QU(fu - fu)2 (842)
v=1
for
G, fomv ™ hyx=v? a,8>0. (8.4.3)
Thus 7 = 0 corresponds to mean-square solution error, v = —23 corresponds
to mean-square prediction error, and 4 = 2m corresponds to ||f — fill%.

Substituting (8.4.3) and (8.4.1) into (8.4.2), one obtains

’ n. pimtB)ty—2a yr+28
ETq(A) = A Z (1 + AV2(m+ﬁ) Z (1 + ,\V2(m+/3))2 ? (8'4'4)

and the optimal A for the interesting combinations of «, 8, v, and m were found.
We only consider the case 8 > 0 (which guarantees a bona fide convolution
equation), & + 8 > 1 (which guarantees that g is in a reproducing kernel space),
and m > 1. We only repeat the results for v = 0 and —23 here. Let Ap
minimize (8.4.4) for 4 = 0 (mean-square solution error (domain error)) and .
be the minimizer for v = —283 (mean-square prediction error). The results are:
(A) Suppose 5 < @ <2m + 1. Then
A, = Ap &~ (m+B)/ (a+h)

~
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(B.1) Suppose 2m + 1 < a and 8 > (a — (2m + 3)). Then

A, & Ap ~ n~(m+B)/(a+h)

(B.2) Suppose 2m + 1 < a and 8 < (@ — (2m + 3)). Then A, does not
(otherwise) depend on « and

A & o{Ap).



CHAPTER 9
Further Nonlinear Generalizations

9.1 Partial spline models in nonlinear regression.

Consider the nonlinear partial spline model

s

) (9.1.1)
where 0 = (61,...,6g) is unknown, (t;,0) is given, f € Hg, and € =
(€1y...,€r) ~ N(0,0%1).

We can fit this data by finding § € F9, f € H to minimize

%Z(yi —¥(4:,0) — f(t:)* + Al I, (9.1.2)
i=1

Note that we have used a norm rather than a seminorm in the penalty functional
in (9.1.2). Here any part of the “signal” for which there is to be no penalty should
be built into 1, to avoid hard-to-analyze aliasing when (9.1.2) is minimized
using iterative methods. In most applications, f would be a smooth nuisance
parameter, and testing whether or not it is zero would be a way of testing whether
or not the mode! (¢, 0) is adequate.

It is easy to see that the minimizer f) of (9.1.2) must be of the form

f= Z ci Ry,
i=1

where R, is the representer of evaluation at ¢;, in Hg. Letting (6) =
(¥(t1,0),...,9(ts,0)) and ¥ be the n x n matrix with ijth entry R(t;,t;),
we have that the minimization problem of (9.1.2) becomes the following. Find
6 € E7 and ¢ € E™ to minimize

~[ly = 9(8) = e|l? + Ac'Se. (9.1.3)
For any fixed 6, we have (assuming ¥ is of full rank), ¢ = ¢(#) satisfies

(X 4+ nAe(0) =y — ¥(0). (9.1.4)
109
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Substituting (9.1.4) into (9.1.3), (9.1.3) becomes the following. Find 6 to
minimize
Ay — 9(8)) (B +nAl) " (y — 9(8)). (9.1.5)
The Gauss-Newton iteration goes as follows.
Let T) be the n x ¢ matrix with jvth entry o (t;,0)/00,|s—ew), where 8
is the Ith iterate of §. Expanding v/(0) in a first-order Taylor series gives

W(0) = (W) — WM 4 T,
Letting
2D =y - 1)b(g(l)) +T®p")
we have that #¢*+1) is the minimizer of
(29 — TV (T + nAl) "1 (2O — TDg),
That is, 8¢+1) satisfies
TO(S + nAN ITWHD = T (8 4 nAT)~ 120,
Letting
Y =UDU’

gives ,
T U(D +nA)~U'THGY = TOU(D + nAI) MU 2V,
so that the same n X n matrix decomposition can be used for all iterations and
values of A.
For fixed A, the iteration is carried to convergence, I = L = L(A), say, and

the solution (8, cy) is the solution to the linearized problem

%Hz([‘) _ TG _ Sl 4+ AdSe, (9.1.6)
for which the influence matrix A(A) = AL)()) is given by the familiar formula
L) A(LY s+ (L —1 (LY
I—AD ) =A@ QP £ + nAN~1Q (9.1.7)
where
/ L) \

ro =g a0 (7).
One has nic = (I — A®))2E) and the GCV function can be defined as

L)1 = 4D () D)2
(AT T - AB())F

V(A) =

The matrix A has q eigenvalues that are one, thus this formula is assigning
q degrees of freedom for signal to the estimation of (6;,...,68;). It has been noted
by many authors (see the comments in Friedman and Silverman (1989)) that
when ¢ parameters enter nonlinearly ¢ may not be the real equivalent degrees
of freedom. It is an open question whether a correction needs to be made here,
and what modifications, if any, to the hypothesis testing procedure in Section
6 when the null space is not a linear space. See the recent book by Bates and
Watts (1988) for more on nonlinear regression.
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9.2 Penalized GLIM models.

Suppose

y; ~ Binomial (1,p(¢;)), i=1,...,n, (9.2.1)
and let the logit f(t) be f(t) = log{p(t)/(1 — p(t))], where f is assumed to be
in Hg, and it is desired to estimate f. The negative log-likelihood L(y) of the

data is
mn

L(y) = =Y (vilogp(t:) + (1 — y:) log (1 — p(t:))) (9.2.2)

=1

and, since p = ef /(1 + &),

Z(Iog 1+e/®)) —yif(t:) = Q(y, f), say. (9.2.3)

McCullagh and Nelder (1983) in their book on GLIM (generalized linear models)
suggest assuming that f is a parametric function (for example, f(t) = 6, + 62t),
and estimating the parameters by minimizing Q(y, f) = Q(y,6). O’Sullivan
(1983) and O’Sullivan, Yandell, and Raynor (1986) considered the estimation

of f by supposing that f € Hg and finding f to minimize the penalized log-
likelihood

Iy, f) = Qly, f) + Al fI|1%, (9.2.4)

and extended GCV to this setup.

Penalized likelihood estimates with various penalty functionals have been
proposed by a number of authors. (See the references in O’Sullivan (1983); we
note only the work of Silverman (1978) and Tapia and Thompson (1978) where
the penalty functionals are seminorms in reproducing kernel spaces. See also
T.onnard f1 QRN Y

1iCvuiialLu JUH} }

If (9.2.1) is replaced by
Y; ~ Poisson (A(t,))

and f(t) = log A(t), we have

Q. £) = 3 {eF®) —yis(ts) + 108(uit) ) (9.2.5)

i=1

Of course y; ~ N(f(t;),0?) is the model we have been considering all along, and
the setup we are discussing works whenever y; has an exponential density of the

{"nrm
AVl L1

pys) = e~HBU =i ft)}/anlrelys) (9.2.6)

where a;, b, and c are given.
Here we note for further reference that Ey, = b/(f(t;)) and var y; =
b'(f(t:))a;, and below we will let a; = 1.
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Approximating f by a suitable basis function representation in Hg, we have

N
f >~ Z ckBk
k=1

and we need to find ¢ = (¢1,...,cn)’ to minimize

/ AN
av

zz: b (Z ek B (t; )) -y (Z CkBk(ti))

1 k=1

+X Y cxew < PiBy, PiBy >. (9.2.7)
k' =1

Using a Newton—Raphson iteration this problem can be solved iteratively, and at
the last step of the iteration one can obtain an approximating quadratic problem,
from which one can extract a GCV function.

The second-order Taylor expansion of I (c) for the {th iterate ¢(¥ is

ok

Li(c) ~ I\(cW) + g Ii(c — M) + (e - B 72 In(c — V) (9.2.8)

where the gradient 77, is given by

oIy ol )

I = L 9.2.9
v AA (361 aCN c=c(l) ( )

and the Hessian 721, is the N x N matrix with jkth entry

ﬂ %I,
It = . 9.2.10
{v /\}Jk 8cjack c=c(t ( )
Then ¢ = ¢+ the minimizer of (9.2.8), is given by

D =) () L. (9.2.11)

Letting X be the n x N matrix with ikth entry Bg(¢;) and £ be the N x N
matrix with kk’th entry < P, By, P1Bg: >, we have that (9.2.7) becomes

In(e) = Y b(Xe)i) — y' Xe + Ad'Se,

where (Xc¢); is the ith entry of the vector Xc. We have

v I = X'(u(c) — y) + 2AZTe (9.2.12)
where p(c) = (u1(c), ..., un(c))’ with u;(c) = ¥ (f(t:)) = ¥'((Xc);); and
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where D(c) is the n x n diagonal matrix with 4ith entry b (f(:)) = b ((Xe)s).
Substituting (9.2.12) and (9.2.13) into (9.2.11) gives the Newton-Raphson
update

D = ) (X' D)X + 202) N (= X"(y — u(c™)) + 2azc®)  (9.2.14)

= (X'D(c") X +2A) "1 X' DY/2(c®) (O (9.2.15)

where the pseudodata z(®) is
20 = D2y — pu(cP)) + D2 (D)X D, (9.2.16)
Then ¢(+1) is the minimizer of
%Hz(‘) — DY Xe||? + A’ Ze. (9.2.17)
The predicted value 2 = D1/2X¢ of 2V is related to z2() by
20 = A(n)2®
where
A(A) = DYV (N X (X' D)X + AD) 1 X' D2 (D). (9.2.18)

Running (9.2.14) to convergence, (9.2.17) at convergence becomes

1

SID )y — WO + Ac'Se (9.2.19)
and letting w = D~'/?(c)y and @ = D~'/2u(c), it is seen that

ow; AL
6'U)J - ( ( ))"'J
resulting in the GCV function

D26y — ()P
YO = =g - a2

evaluated at the converged value of c.

Properties of these estimates are discussed in O’Sullivan (1983), Cox and
O’Sullivan (1989a,b), and Gu (1989a). The method has been extended to the
Cox proportional hazards model and other applications by O’Sullivan (1986b,
1988b).

9.3 Estimation of the log-likelihood ratio.

Suppose one is going to draw a sample of n; observations from population 1
with density h,(¢), ¢t € T, and a sample of ny observations from population 2
with density ha(t), and it is desired to estimate f(t) = log (hi(t)/ha(1)), the
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log-likelihood ratio. Without loss of generality we will suppose n;, = ny = n/2.
(Details for removing this limitation may be found in Villalobos and Wahba
(1987).) Suppose the n observations are labeled %,,...,t,, and with each
observation is attached a tag y;, i = 1,...,n that is 1 if ¢; came from population
1, and 0 if ¢; came from population 2.

Given that an observation has value f;, the conditional probability that
its tag y; is 1, is hy(t:)/(hi(ti) + ha(;)) = p(t;), and we have that f(¢t) =
log (p(t)/(1 — p(t)) = log(hi(t)/ha(t)). f can be estimated by minimizing
Q(y, f) + AP f||?, where @ is given by (9.2.3). This way of looking at log
likelihood estimation is due to Silverman (1978).

Note that if h; and h, are d-variate normal densities, (¢t = (z1,...,zq)), then
f is quadratic in z1, - - -, z4 and will be in the null space of the thin plate penalty
functional for m = 3 (provided 6 — d > 0; see Section 2.4). Thus, if h; and hy
are believed to be “close” to m itivariate normal, then this penalty functional is
a natural one (see Silverman (1982)).

9.4 Linear inequality constraints.

Suppose we observe
Y = sz + €5, (9.4.1)

AY s

and it is known a priori that f € C C Hpr where C is a closed convex set.
We want to find f € Hg to minimize

S~ L + ARSI (942)
=1

subject to f € C. Since any closed convex set can be characterized as the
intersection of a family of half planes, we can write

C={f:<xs[>2>0a(s), se8},

Co={f:<Xs,f>2>0(s), s=351,...,50},

where xs,,...,Xs, 18 a discrete approximation to {xs, s € §}. For example, if
C={f: f(t) 20,t € T}, then we have {x,, s € 8} = {Rs, s € T}, and
if 7 = [0,1], we may approximate C by Cr = {Ry/r,Ry/r,...,Rr,}. I CL
is a good approximation to C, one may frequently find after minimizing (9.4.2)
subject to f € Cp that the result is actually in C. Letting n; be the representer
of L; and & = Pin;, and letting p; = Pyx,, it is known from Kimeldorf and
Wahba (1971), that if
LS - L

i=1

has a unique minimizer in Hy, then (9.4.2) has a unique minimizer in Cg, and it
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must have a representation

n L M
Z ciéi + Z bip; + Z d,d,
i=1 v=1

i=1

for some coefficient vectors @ = (¢’ : b)Y, and d. The coefficients a and
d are found by solving the following quadratic programming problem. Find
a € E"L d e E? to minimize

IZ1a + Tid — y||> + nAd'Za (9.4.3)
subject to
Yoa+Tod > « (9.4.4)
where
21 - (211 . 212), (945)
Yo = (a1 & Laa), (9.4.6)
¥
Y= (9.4.7)
)

and the X;; and T; are given in Table 9.1 (¥
(a(s1),...,a(sL))"-

’21)7 and o =

i

TABLE 9.1
Definitions of ¥;; and T;.

Matrix Dimension ijth entry

X1 nxn <&, &>
1z nxL <€i7pj>
222 L x L < pi,pj >
T nxM <N, 95 >
T2 LxM <Xsia¢j>

A GCV function can be obtained for constrained problems via the “leaving-
out-one” lemma of Section 4.2.
Let f)[‘k] be the minimizer in Cp, of

1 n
=3 (= Laf P + AP
iz

(supposed unique) and let

kaz\[k)ﬁ] — ka)\
)

ali(A,6) = (9.4.8)
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where fi[k, 6] is the minimizer of (9.4.2) in Cp with yi replaced by yi + 8. If
there are no active constraints, then L f is linear in the components of y and

OL fa

k(0 8) =

= ar(A), (9.4.9)

where agx(A) is the kkth entry of the influence matrix of (1.3.23). From Theorem
4.2.1, we have that the ordinary cross-validation function V4()) satisfies

Vo(A) = ~ Z(yk — Ly f¥)2 = Z(yk — Lifa)2/(1 = aje(N\, 68))  (9.4.10)

where 8 = ka)[\k] — yk. By analogy with the linear case, the GCV function is
defined as

_ 1 Zz 1 - L; fA)2
VO = RS

To evaluate V() for a single value of A we need to solve n quadratic programming
problems in n+ L — M variables. To avoid this it is suggested in Wahba (1982¢)

AVAR S +
that the approximate GCV function

2 i — Lify)?

(9.4.11)

Vapp() = =157  an()? (9.4.12)
where
axrk(A) = ?_‘([91;’:% (9.4.13)
y

be used. The right-hand side of (9.4.13) is well defined and continuous in A
except at boundaries when a constraint changes from active to inactive or vice
versa.

We can obtain JLgf/Oyx for the constrained problem by examining an
approximating quadratic minimization problem. It is not hard to see that the
approximating problem is found as follows. Fix A, and solve the quadratic
programming problem of (9.4.3) and (9.4.4). Find all the active constraints
(suppose there are [). Now let ¥1,%,, %, 71, and T», and &, be defined as the
corresponding elements in (9.4.5), (9.4.6), (9.4.7), and Table 9.1 with all rows
and/or columns corresponding to inactive constraints deleted. Then ¢,d, and
the nonzero values of b in the solution to quadratic programming problems of
(9.4.3) and (9.4.4) are given by the solution to the following equality constrained
minimization problem. Find @, d to minimize

|1£18 + Tid — y||?> + nrd'Sa (9.4.14)

subject to
Y0 + Tod = . (9.4.15)
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To write the solution to this minimization problem quickly, let
[nxn Onxl
We =
0. £,
\ ixXn L B /
and consider the following minimization problem. Find a and d to minimize

(Za+Td—§)Wg ' (Za + Td - §) + nAd' L, (9.4.16)

(1)

It is not hard to see that the minimizer of (9.4.16) satisfies

where

( +nAWe)a + Td = g, (9.4.17)

Ty — N {04 1Q)

i I = u, \J. 2. 10

for any We with £ > 0, and if we let £ — 0 we get the minimizer of (9.4.14)

subject to (9.4.15). )
Let the QR decomposition of T be

and letting W = Wy, we can derive, following the arguments leading to (1.3.19),

i = Q2(Q4(E + nAW)Q2) Qi (9.4.19)
Now ) o
= ( v ) — $a+T4d, (9.4.20)
and subtracting (9.4.20) from (9.4.17) gives
( Y ) = nAWa = nAWQa(Q5(% + nAW)Q3) ' Q4, (9.4.21)

so for j = 1,...,n, the jjth entry in the matrix on the right of (9.4.21) is
1 —(0L; fr/0y;)|y. Thus

Y a(N)=n—nitr A(®+nrn)"!

i=1

where

and
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furthermore,
n4l—-M wa
tr A(®+nAA)"! = —I
( ) JZ__; 1 + ﬂA’LUj
where wy,...,wy4i—pm are the eigenvalues of the real symmetric eigenvalue
problem

Au; =w;®u;, j=1,...,n+1-M.

These arguments are from Villalobos and Wahba (1987). (The derivations there
are modified to apply directly to thin-plate splines.) A numerical strategy for
carrying out the computation of Vy,p() is given there. It uses an “active set”
algorithm of Gill et al. (1982) for the quadratic optimization problem. This
type of algorithm is known to converge rapidly when a good starting guess is
available for the active constraint set. If the set of active constraints changes
slowly with A, then a good guess for the active set for an updated XA is the
active set for the preceding A. The unconstrained problem is solved to obtain
a starting guess. Discontinuities in Vapp(A) as the active constraint set changed
were evident in the examples tried in Villalobos and Wahba (1987), but were not
a practical problem. Another recent work on inequality constraints is Elfving
and Andersson (1986).

9.5 Inequality constraints in ill-posed problems.

In the solution of Fredholm integral equations of the first kind, if the number of
linearly independent pieces of information in the data (see Section 8.2) is small,
the imposition of known linear inequality constraints may add crucial missing
information. A numerical experiment that illustrates this fact was performed
in Wahba (1982c) and here we show two examples from that study. Data were
generated according to the model

S
It
[a—y
3
~~
©
N
ji—y
—

with n = 64, ¢, ~ N(0,62) and ¢ = .05. The periodic convolution kernel
k is shown in Figure 9.1. The two example f's from that paper are the
solid black lines in Figures 9.2(a) and 9.3(a). (The explicit formulae may be
found in Wahba (1982c).) The dashed curves in Figures 9.2(a) and 9.3(a) are

g(z) = fol k(z — u)f(u)du, and the circles are the data y;. f was estimated as
the minimizer of

%;(y" - /01 k (;z; - “) f(u)du)® + Afol(f"(u))zdu (9.5.2)

in a 64-dimensional space of sines and cosines, using GCV to estimate A. The
numerical problem here is much simplified over that in Section 9.4 due to the
periodic nature of the problem and the equally spaced data. The estimates

are given as the finely dashed curves marked f; in Figures 9.2(b) and 9.3(b).
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F1G. 9.1. The convolution kernel.

Then (9.5.2) was minimized in the same space of sines and cosines, subject to
f(£) 20, ¢ =1,...,n, and V,,, of (9.4.12) used to choose A. The result is
the coarsely dashed curves in the same figures, marked f ¢ , It can be seen that

the imposition of the positivity constraints reduces the erroneous side lobes in
the solution as well as improves the resolution of the peaks. We remark that
although in theory there are 64 strictly positive eigenvalues, in this problem the
ratio ()\42/)\1)1/2 was 1077,

9.6 Constrained nonlinear optimization with basis functions.
Let

i yi = Nif + € (9.6.1)
where N; is a nonlinear functional, and suppose it is known that
<xsf>2a(s), se€S8. (9.6.2)
Approximating f by
N
f~ Z ckx Bk (9.6.3)
k=1
and S by {s;,...,ss}, we seek to find ¢ to minimize
1 n
m Z — Ni(c))? + Ad'Ze (9.6.4)
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subject to
N

ch < Xs,s B> 2a(sy), r=1,...,J (9.6.5)
k=1

Here, ¥ is the N X N matrix with ¢jth entry < P, B;, P\B; >, as in Section 7.1.
Letting

Y ON; l
Ni(e) = Ni(e®) + Y gg(ck —c)
k=1

as in (8.3.5), and letting X® be the nx N matrix with i kth entry N; /Ock| .=,
and letting
Nl(c“))

g0 =y~ : 4 XD
Ny (c)

be as in (8.3.5)-(8.3.7), at the Ith step of an iterative solution we have that the
problem is to find ¢ to minimize

1
E”y(l) — XO¢|? + A'Ze

subject to

Ce>
where C is the J x N matrix with rkth entry < x,,.,Bx >, and @ =
(a(s1),...,a(ss))’. In principle at least, this problem can be iterated to

convergence for fixed A, and V,;, for constrained functions can be evaluated.
Here the influence matrix for V,p, is

ALYy
AV

L Fx B X L pAFEF) 'FX L)

4N L3 LI T4 <

where X (L) is the converged value of XV, and, if there are J’ active constraints
and C() is the J’ x N submatrix of C corresponding to these .J' constraints,
then F is any N — J' x N matrix with F'F = In_j and FCE) = 0n_ jisJ.

9.7 System identification.

The key idea in this section (equation (9.7.14)), which allows the use of GCV
in the system identification problem, has been adapted from O’Sullivan (1986a).
Kravaris and Seinfeld (1985) have proposed the method of (9.7.4) below that,
adopting the nomenclature of the field, might be called the penalized output
least squares method. Another important recent reference is O’Sullivan (1987b),

The dynamic flow of fluid through a porous medium is modeled by a diffusion
equation

Bug;, 2- ;‘% {p(")(%“(xa t)} =q(x,t), X € %t € [tmin, tmax]  (9.7.1)
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subject to prescribed initial and boundary conditions, for example, u(x,0) =
uo(x) (initial condition) and du/Ow = 0 where w is the direction normal to the
boundary. Here, if x = (z1,...,z4) then 8/8x = Ei=1 0/0x4. Here u is, say,
pressure, g represents a forcing function (injection of fluid into the region), and
p is the transmittivity or permeability of the medium. If uy and ¢ are known
exactly, then for fixed p in some appropriate class (p(x) > 0, in particular), u is
determined (implicitly) as a function of p. Typically, p must be nonnegative to
be physically meaningful, and such that there is measurable flow.
The practical problem is, given measurements

Yij = u(x(%),tj, p) + €55 (9.7.2)

on u, the initial boundary functions, and ¢, estimate p.

We remark that if /9xu(x,t) is zero for x in some region Qy C §, all ¢, then
there is no information in the experiment concerning p(x) for = € Q. Although
the algorithm below may provide an estimate for p(x) for z € g, in this case
the information is coming from the prior, and not the experiment.

This is an extremely important practical problem; see, e.g., the references in
O’Sullivan (1986a) and Kravaris and Seinfeld (1985). Deveaux and Steele (1989)
study a somewhat different but related inverse problem.

The problem will be solved approximately in the span of a suitable set of N
basis functions

N
p(x) =) cxBu(x),
k=1

and since p must be nonnegative, we put a sufficiently large number of linear
inequality constraints on ¢ = (cy,...,cn), that is,

N
Y cxBi(x) 2 0 (9.7.3)
k=1

for x in some finite set, so that the estimate is positive. If stronger information
than just positivity is known, then it should be used. We seek to find ¢ subject
to (9.7.3) to minimize

> (yig — u(x(i), tj,¢))* + Ac'Ze, (9.7.4)
iJ
where ¢'Sc = [[Pyp||®. For the moment we suppose that ug and g are known
exactly. Then
u(x(i), £, p) = u(x(i), ¢; c)

is a nonlinear functional of ¢, but only defined implicitly. If u(x(:),¢;;c) could
be linearized about some reasonable starting guess
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then the methods of Section 9.6 could be used to numerically find the minimizing
cx and to choose A by GCV.
Given a guess c¢¥) for ¢, we would like to be able to linearize about ¢V,

wif el d) #.o o) o il 3Y £.. AN
UKL, 0550 = WX 1), 85,007)
[
+ Z Xijk(er — C;(c)): (9.7.5)
k
where
ou .
Xijk = -a—(x(z),tj;c) (9.7.6)
Ck e=cl)

If this could be done, then ¢ and A could be determined, at least in principle,
via the constrained Gauss—Newton iteration and the GCV procedure described
in Section 9.6.

Let

L.=

bl 4

~~
©
-3
-3
g

d
ot Ox
let
B = {u: wu satisfies the given initial and boundary conditions, }
By = {u: u satisfies homogeneous initial and boundary conditions, }

and let
6, =(0,---,0,6,0,---,0), 6 in the kth position.

Let u. be the solution to

Lou.=¢q, u.€B, (9.7.8)
let uc4+5, be the solution to
Lc+6kuc+6k =gq, Ue 464 € B7 (979)
and let “ _u
he(8) = L%— (9.7.10)
Observe that 5 p
Lc+5k = Lc - 6§Bk(X)6_x’ (9711)
then substituting (9.7.9) into (9.7.10) gives
(L - 623 ( )i) (ue + 6hex(8)) = (9.7.12)
c % kX A% c c,k =4q, g

Ue + 6hc,k(6) € B.
Subtracting (9.7.8) from (9.7.12) and dividing through by 6 gives

Lehes(8) = = By(x) 5 (e + She(8)) (9.7.13)
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Assuming that we can take limits as § — 0, and letting lims_.g he x(6) = hek,
this gives that h. s is the solution to the problem

o] J
Lch aBk(X)a—xuc
h € By

Ml 0 s TLlcm v ja ci B ain—4al o
I'ius if everything is suticier

Lc(z) h = E;B’“(x)aixuc“) (9.7.14)
and evaluating the solution at x(i), t;.

O’Sullivan (1988a) has carried out this program on a one-dimensional
example.

We emphasize that this is a nonlinear ill-posed problem complicated by the
fact that the degree of nonlinearity as well as the degree of ill-posedness can
depend fairly strongly on the unknown solution. To see more clearly some of the
issues involved, let us examine a problem sitting in Euclidean n-space that has
many of the features of the system identification problem. Let X;,..., Xx be
N < n matrices each of dimension (n — M) x n, let B be an M x n matrix of
rank M, and let u € E", g€ E" M and b € EM be related by

N
(Z Cka) u=4gq (9.7.15)
k=1

Bu=b.

Think of ¢, ¢, and b, respectively, as stand-ins for p, the forcing function, and the
initial/boundary conditions.

Suppose ¢ and b are known exactly and it is known a priori that ¢ > aj >
0, £k = 1,...\, N, and that this condition on the c;’s ensures that the matrix

L

/ -
( L’“g”‘k ) is invertible. Suppose that one observes

vi=u;+¢, t=1,...,n

where u; is the ith component of u. Letting ¥;;(c) be the ijth entry of

-1
( Ekgka ) , we may estimate ¢ as the minimizer of

2
n

n—M n
Z Yi — Z Uij{c)g; — Z ii(e)bj—(n-my | +ATe,  (9.7.16)
=1

H j=n—M+1

subject to ¢y > ai. The ability to estimate the ¢’s can be expected to be quite
sensitive to the true values of ¢ as well as g and b.
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Returning to the original system identification problem, we now consider the
case where the boundary conditions are not completely known. If (as in a one-
dimensional, steady-state problem) there are only M << n unknowns in the
initial/boundary values, then the analogue of (9.7.16) could (in principle) be
minimized with respect to c and b = = (by,..., bM).

More generally, suppose that the forcing function ¢ and the boundary
conditions Ju/0w = 0 are known exactly, but the initial conditions u(x,0) =

up(x) are observed with error, that is
Zi = UO(X(Z)) + €;.

Modeling uo(x) as
M
g (X) =~ Z b, B, (x) (9.7.17)
v=1

where the B, are appropriate basis functions (not necessarily the same as before)
and letting b = (by,..., bar), we have

u >~ u(x,t;c,b)

and we want to choose b and ¢, subject to appropriate constraints, to minimize

% > (s = u(x(i), t;;c,b)) +Z(zz Zb By ((i) )

ij
+ A1’ + Ab'Eh (9.7.18)

where ¥'3b is an appropriate penalty on ug. The penalty functionals ¢/Yc and
b'Eb may be quite different, since the first contains prior information about the
permeability and the second about the field. This expression assumes that all
the measurement errors have the same variance.

For fixed A; and Ay this minimization can, in principle, be done as before,
provided we have a means of calculating

U .
Zijy = éz—(x(z),tj;c; b) (9.7.19)
The z;;, can be found by the same method used for the Xijk. Let ucp be the
solution to the problem

8uc,b
ow

Leucy = g, =0, Ucp(x,0) = Tb,B,(x). (9.7.20)

Let 6, = (0,...,6,...,0),6 in the vth position, and let Uc p+6, be the solution to

) i .
Lottepss, = @ ot =0, g5, (x,0) = 65, + (Z b,LBM(x)) (9.7.21)

o
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and let

Bc,b,u(‘s) = uc,b+6:5_ B . (9722)

Then, subtracting (9.7.21) from (9.7.20) as before, we see that ﬁc,b,,,(zﬁ) =
hep(0) is the solution to the problem

Lou =0, ?— = 0,u(x,0) = B, (x). (9.7.23)
ow

V (A1, A2) can be minimized, at least in principle, to estimate good values of A;
and A; by GCV.



CHAPTER 10
Additive and Interaction Splines

10.1 Variational problems with multiple smoothing parameters.

Let H be an r.k. space and let H be a (possibly proper) subspace of % of the
form

HfHoﬁ\jﬂrJLl

where Hg is span {¢1,...,ém} and H; is the direct sum of p orthogonal
subspaces H!,..., HP,

H) = i eHP. (10.1.1)
B=1
Suppose we wish to find f € H to minimize
1 L4
=3 (v - Lif)’ +Aﬁz: 65" |IPP |2 (10.1.2)
=1 =1

where PP is the orthogonal projection in H onto H? and 6z = 0. If 63 = 0, then
the minimizer of (10.1.2) is taken to satisfy ||P?f||?> = 0.

We can find the minimizer of (10.1.2) using the results of Chapter 1 by making
some substitutions. Let the r.k. for H? be Rg(t,t'). Then the r.k. for H; with
the squared norm [|Pif||3, = 3°5_, \PPfll% is R (t,¢') = 35_, Rg(t,t'); this
follows since the r.k. for a direct sum of orthogonal subspaces is the sum of the
individual r.k.’s (see Aronszajn (1950)). If we change the squared norm on H,
from 3°5_, [IPPfI|2, to 5., 65 |PPf||%, then the rk. for H' changes from
Y h=1 Ra(t,t') to 35_, 03Rp(t,t'). Using these facts and making the relevant
substitutions in Chapter 1, it can be seen that the minimizer of (10.1.2) is of the
form (1.3.8) with

P
&=y PP
A=1
replaced everywhere by
P
¢ =Y 0P (10.1.3)
A=1

127
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and that ¥ in (1.3.9) is of the form
=01 4+60:X+...+ 6,1, (10.1.4)
where the ijth entry of £5 is
< PPE;, PPE; >p= Lysy LjnyRo(s,t).

The minimizer of (10.1.2) is then given by

M n P
o= duby+ Y c; Y 05P%; (10.1.5)
v=1 i=1 g=1

where the coefficient vectors ¢ and d satisfy (1.3.16) and (1.3.17) with ¥ given
by (10.1.4). I — A(A) of (1.3.23) then becomes

I—A(X0) =nAQ2(01@5Z1Q2 + ... + 0,Q55,Q2 + nAI) QS (10.1.6)

where T'Q)5 = Oprx (n—n) a8 before, so that the GCV function V(A) = V(A 8) of
4.3.1) becomes
! 3 3 -2
2y +...+ 0,2, +nAl)"“2
V(A 0) = ( PP ) (10.1.7)

[tr(Hlil + ...+ gpip + TLAI)_l]z

where
2= Qhy, S5 = QhT4Qs.

The problem of choosing A and ¢ = (6,,...,8,) by GCV is then the problem
of choosing A and & to minimize (10.1.7), where, of course, any (A,8) with the
same values of A\, = A/8,., r = 1,...,p are equivalent. Numerical algorithms for
doing this will be discussed in Section 11.3. For future reference we note that

PPfrg= eﬁzcipﬁfi (10.1.8)
i=1
and so
1P fx6ll% = 65¢'Sge (10.1.9)
and
D (LiPPfre)® = 63| el (10.1.10)

1=1

Quantities (10.1.9) and (10.1.10) can be used to decide whether the Sth
components are significant.
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10.2 Additive and interaction smoothing splines.

The additive (smoothing) splines and their generalizations, the interaction
(smoothing) splines, can be put in the framework of Section 10.1, where H is
the tensor product space ®W,,,.

The additive splines are functions of d variables, which are a sum of d
functions of one variable (main effects splines)

d
F@1,.. o za) = fot+ Y falza),

=1

the two factor interaction splines are of the form

f@r,.. . md) = fo+ Z fa(Ta) + Y fap(Ta,Tg),

a<f

and so forth, where certain side conditions on the f,’s, fap’s etc., that guarantee
uniqueness must hold. The additive spline models have become popular in
the analysis of medical data and other contexts (see Stone (1985, 1986),
Burman (1985), Friedman, Grosse, and Stuetzle, (1983), Hastie and Tibshirani
(1986), Buja, Hastie, and Tibshirani (1989), and references cited therein). The
interaction spline models have been discussed by Barry (1983,1986), Wahba
(1986), Gu et al. (1989), Gu and Wahba (1988), and Chen (1987, 1989). These
models, which in a sense generalize analysis of variance to function spaces, have
strong potential for the empirical modeling of responses to economic and medical
variables, given large data sets of responses with several independent variables,
and represent a major advance over the usual multivariate parametric (mostly
linear) models. They represent a nonparametric compromise in an attempt to
overcome the “curse of dimensionality,” since estimating a more general function
f(x1,...,z4) will require truly large data sets for even moderate d.

To deS(:ribe these splines, it will be convenient to endow W, [0, 1] with a norm
slightly different from the one given in Section 1.2.

Let

M,,fz]olf(”)(m)d:r, v=01,...,m—1 (10.2.1)
and note that
M,f=f"Da)—fe D), v=1,...,m-1.
Let
1A%y, = Z(M f)? j du. (10.2.2)

Let ki(z) = By(z)/!l!, where B, is the Ith Bernoulli polynomial (see Abramowitz
and Stegun (1965)); we have M, B; = §,.; where § = 1, i = 0, and zero
otherwise. With this norm, W,, can be decomposed as the direct sum of m



130 CHAPTER 10

orthogonal one-dimensional subspaces {k;}, ! = 0,1,...,m — 1, where {ki} is
the one-dimensional subspace spanned by k;, and H., which is the subspace
(orthogonal to &;{k;}) satisfying M, f =0, v =0,1,...,m — 1. That is,

Wi ={ko} ®{ki}®... 0 {kn-1} ®H..

‘This construction can be found in, e.g., Craven and Wahba (1979). Letting

n
et aTe R L e -~ U T R, I R, 1
®9W,, be the tensor product of Wy, with itself d times, we have

& Wi =8 [{ko} ... @ {kms} ® H.]

and ®4W,, may be decomposed into the direct sum of (m + 1)% fundamental
subspaces, each of the form

[]®[]®...®[] (d boxes) (10.2.3)

where each box ([ ]) is filled with either {k;} for some {, or H,. Additive and
interaction spline models are obtained by letting H, and the HP's of Section 10.1
be direct sums of various of these (m + 1)¢ fundamental subspaces (Ho must,
of course, be finite-dimensional). To obtain (purely) additive spline models, one
retains only those subspaces of the form (10.2.3) above whose elements have a
dependency on at most one variable. This means that (at most) one box is filled
with an entry other than {ko} = {1}.

The form of the induced norms on the various subspaces can most easily be
seen by an example. Suppose d = 4 and consider, for example, the subspace

[{k}] @ [H.] @ [Ha] @ {4},

which we will assign the index I**r. Then the squared norm of the projection of
f in ®*W,, onto this subspace is

| Pree £1|
a2m 2

1 1
= /0 /0 [ammaman Ml(ﬂ!l)MT(xd,)f(ml,mZ,x;g,IL'4) d:[;z dzs,
2

where M,y means My applied to what follows as a function of z,.
The reproducing kernel (r.k.) for {k} is ki(z)k;(z') and the r.k. for M.
(found in Craven and Wahba (1979)) is K (z,z') given by

K(2,2') = ke (2)km (') + (=1)™ ko ([z — 2']) (10.2.4)

where [7] is the fractional part of 7.
Since the r.k. for a tensor product of two r.k. spaces is the product of the
two r.k.’s (see Aronszajn (1950) for a proof), the r.k. for this subspace, call it

[ P Sy Y Sy Y I [ L
Kysop(z1, T2, T3, T4; T, 75, T3, Ty) = Rpenp(X;X'), 18

Kiper(3;%') = ki(z1) ki (2h) K (2, 2h) K (23, 25 by (24) K (24).
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For more on the properties of tensor products of r.k. spaces, see Aronszajn (1950)
and Weinert (1982). Tensor products of W,, were also studied by Mansfield
(1972). If L;f = f(x(¢)), where x(i) is the ith value of x, then

(Preer£)(x) = Kiee, (x(i), X)

and
< Preer&iy Pronrj >= Kyeer(x(i), x(7))-

In the purely additive model, f(zi,...,z4) is of the form

d
f@1, . 2a) = p+ Y galTa) (10.2.5)
a=1

where g, € {k1} ®...® {km_1} ® H. and the penalty term in (10.1.2) is taken
as

d 1 2
vy UM a1 f ramga] 3 PP
A Z:l 6 jo I. G J dz,. (10.2.6)
To make the identifications with (10.2.3) and Section 10.1, for the purely additive
spline model, Hy is the direct sum of the M = 14 (m—1)d fundamental subspaces
of the form (10.2.3) with {ko} in all the boxes except at most one, which contains
some {k;} with I > 0. H; = &%_, H* where H® is of the form (10.2.3) with M.
in the ath box and {ko} in the other boxes.

If f of the form (10.2.5) is the additive spline minimizer of (10.1.2), with
Lif = f(x(i)), then the g4 in (10.2.5) have a representation

R

-1

a(Ta) = Y duaku(a) +0a Y _ ;K (Ta, Ta(i))

v

3

I
L

where K is given by (10.2.4).
To discuss (two factor) interaction splines, it is convenient to consider the
cases m = 1 and m = 2,3,..., separately. For m = 1, we have

& Wi =& [{ko} & H.].

In this case Ho consists of the single fundamental subspace ®?[{ko}], there are
d main effects subspaces, and there is one type of 2-factor interaction subspace,
namely, one where the d boxes of (10.2.3) have H. in two boxes and {ko} in the
other d — 2. For m = 2,3,... we have two-factor interaction spaces that involve
two {k:}’s, with | > 0 (parametric-parametric). These may all be grouped
in Ho. Complicating matters, we may have interactions involving a {k;} and
H. (parametric-smooth} as well as two H.’s (smooth-smooth). For example,
for m = 2 there are d (smooth) main effects subspaces, d(d — 1) fundamental
subspaces with {k1} — M. interactions, and d(d — 1)/2 subspaces with H, — H.
interactions. Similar calculations can be made for larger m and 3-factor and
higher interactions. For d = 4, m = 1, we have 4 + 6 = 10 main effects and
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2-factor interaction spaces. Fitting such a model with 10 smoothing parameters
has proved to be difficult but not impossible in some examples we have tried.
(See the discussion in Section 11.3.) However, m = 1 plots tend to be visually
somewhat unpleasantly locally wiggly. This is not surprising since the unknown
[ is not even assumed to have continuous first derivatives. However, for d = 4,
m = 2, there are 4 (smooth) main effects subspaces, 12 {k;} — H, interaction
spaces and 6 H, — M, interaction spaces. We would not recommend trying to
estimate 22 smoothing parameters with the present technology.

To fit additive and interaction spline models then, strategies for model sim-
plification (selection) and numerical methods for multiple smoothing parameters
are needed. Gu (1988) has suggested that the m = 1 case be used as a screening
device. If one fits an m = 1 model and decides that the a/Sth interaction is not
present, then one may feel confident in eliminating both types of a8 interaction
in an m = 2 model. Similarly, if smooth main effects can be deleted in an m = 1
model, it can be assumed they are not present in an m = 2 model. (Recall that
f € Wopy = f € Wy, etc.) In Section 11.3 we discuss numerical methods
for finding the GCV estimates of multiple smoothing parameters that have been
used successfully in some examples with p as large as 10. If the GCV estimate
’\ﬁ = f4/X is zero, then ||Pﬁf/\ sl12 = 0, and the subspace H? can be deleted
from the model. However, the probability that A7 3 ! is greater than zero when the
true f satisfies | PA f||> = 0 may be fairly large. (Recall the numerical results for
the null model in the hypothesis tests of Section 6.3.) Thus it is desirable to have
further strategies for deleting component subspaces. Possible strategies are the

following. Delete H? if, say, the contribution of this subspace to the estimated
signal is small as judged by the size of

n

D (LiPP fr)? = 63| Spe]|. (10.2.7)

=1

Observing that
[ Lifse \ p
: =Td+ ) 05%4¢
Lan,B p=1

one could consider deleting as many of the smaller terms as possible so that

P
ITd+ Y 65%gcl®> > 95|Td+ > 658 5c||?
retained =1
just holds. Omne could also compare (10.2.7) to an estimate of 62 based on

the most complex reasonable model. In principle, one could generallze the
GCV and GML tests of Section 6.3, to test Hy, f € Ho @ ZB I'H,g Versus

ro act ata |
f < H() @ Llﬁ 1 u,g HEIU, ‘th test statistic would be hut: ratio Ul V or JVI

minimized over the larger model to V or M minimized over the smaller model.
Unfortunately, the distribution of the test statistic under Hy will contain the
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nuisance parameters f1,...,8p,_1. In principle one could generate reference
distributions by Monte Carlo methods, but simplifications would no doubt be

necessary to make the problem tractable. This is an area of active research (Gu
(1989a), Chen (1989)).






CHAPTER 11
Numerical Methods

11.1 Numerical methods that use special structure.

We have noted that a basis for an (n — m)-dimensional subspace of span
Rtl, ., Ry, in Wm[O 1] may be obtained that has compact support This results

l]l a Uda]l(l bl:,l'l].Ll:l_lIe IU.I. LBIEd.lIl IIld,l;IlLeb, d]lﬂ Ill_].l.l.leI'l(.dal IIleEIlUClb Elldt III.d,KB use
of this structure should be faster than those that do not. See Reinsch (1971)
for a fast algorithm for computing the univariate smoothing spline when A is
given. Various authors have come upon this special structure from different
points of view. Looking at the m — 1 fold integrated Weiner process X(t) of
(1.5.2) it can be seen that it is an m-ple Markov process in the sense of Dolph
and Woodbury (1952), Hida (1960). This means that the prediction of X (s) for
any s > t, given X(u), u € [0,t] is a function of X®)(t),v = 0,1,...,m — L.
Starting with this or similar reasoning, fast recursive formulas for the univariate
polynomial smoothing spline have been obtained hy various authors (see, e.g.,
Weinert and Kailath (1974)). Ansley and Kohn (1987) used this kind of reasoning
to obtain a fast algorithm that included the computation of the GCV estimate

AfF Y Roroantly Qhiai: F1TORRY haa 11aed aimilar raciiléa +n nhtoin fact aloarithhma far
UL /\» J.\,U(.,Gu.ul'y ulllalu \.I.JOU) 1L uOUu. Dllllllal I.UDLIJ.‘JD v vvalli 1.aou alsul. l‘JJ.]J.lI.D 11Ul

partial spline models in W,,, with jumps. For some time it was an open question
whether or not the special structure inherent in smoothing in W,,, could be used
to obtain an O(n) algorithm for computing the univariate polynomial smoothing
spline along with the GCV estimate of A. Hutchinson and deHoog (1985) and
O’Sullivan (1985b) appear to be the first to provide such an algorithm. A fast,
accurate, user-friendly code based on the Hutchinson and deHoog paper, with
some improvements, has been implemented by Woltring (1985, 1986) and may
be obtained from netlib over the internet, as may O’Sullivan’s code. Netlib is
a robot library system run by Jack Dongarra and Eric Grosse and its internet
address is netlib@research.att.com. If you write to netlib with “send index”
in the body of the message, the robot mailserver will return instructions for
using the system. O’Sullivan’s and Woltring’s code may be obtained this way.
Code for generating B-splines based on deBoor’s book may also be obtained this
way. Earlier, Utreras (1983) provided a cheap way of evaluating trace A()) in
the equally spaced data case in W,,, based on good approximate values for the
relevant eigenvalues. This method is implemented in Version 8 et seq of IMSL
(1986).

135
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11.2 Methods for unstructured problems.

Basic references for numerical linear algebra and optimization methods are Golub
and Van Loan (1983) and Gill, Murray, and Wright (1981), respectively. The
LINPACK manual (Dongarra et al. (1979)) is a good place to read about the
singular value decomposition, the QR decomposition, Cholesky decomposition,
Householder transformations, and other useful tools for computing the estimates
in this book. See also the EISPACK manual (Smith et al. (1976)). Generally,
the most computer-intensive part of the calculation of cross-validated estimates
discussed in this book is going to be the calculation of trace I — A(\) in the
denominator of the GCV function. The optimization of that calculation will
usually dictate the manner in which the remaining calculations are done.

Considering the case where N basis functions are used, as in Secton 7.1, let
AQ) = X(X'X +nAX) 1 X'
=X(X'X +nA)"'X'

where X = XX~12 where £71/2 is any square root of ¥~1. For small-to-
moderate problems ¥ ~!/2 may be obtained numerically as L™! where LL’ is the
(“h leckv dacom mposition of ¥. L being v nAd hansro naimarina H

u.\.u.up Ay ULLVLLLU 4 L4 Ubllls 1UWL1 ul.la.uBLucu, aliid [iclice uuuusl1bau_y

easy to invert (if it is not too ill-conditioned). Then

2

N
tr(f —A) = Zl +n,\

where the s,’s are the singular values of X. The singular value decomposition
(SVD) in LINPACK (Dongarra et al. (1979)) can be used to compute the
s,’s.  Elden (1984) proposed a method for computing trace A()) based
on a bidiagonalization of X that is much faster than using the singular
value decomposition of X (see also Elden (1977)). Bates and Wahba (1982)
proposed a method for computing trace A(A) based on truncating a pivoted
QR decomposition of X, X =QR. (Recall that @ is n X n orthogonal and R
is n x N upper triangular; see Dongarra et al., Chap. 9 for the pivoted QR
decomposition.) The pivoted QR decomposition permutes the columns of X so
that R has the property that its entries r;; satisfy

> ir?,

i=k

If R is replaced by Rirune, which is obtained by setting r;; to zero for i =
k+1,...,N, then the Weilandt-Hoffman theorem (Golub and Van Loan (1983,
p.270) says that

2

N

trace (X — Xerune)(X — Xerunc) = Z erj = T, say.
i=k+1 j=i
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Thus k& can be chosen so that the tolerance 7 is less than a prespecified small
amount. This method can be expected to be useful when n and N are large and
X has a large number of eigenvalues near zero. In these kinds of cases it has
sometimes been found that the LINPACK SVD will converge quickly on Rirync
when it converges slowly or not at all on X. It is implemented in GCVPACK
(Bates et al. (1987)) and the code is available through netlib. GCVPACK also
has a code for partial spline models where the smooth part is a thin-plate spline.
Hutchinson and Bischof (1983) and Hutchinson (1984, 1985) have developed
transportable code for thin-plate splines using the thin-plate basis functions of
Wahba (1980b) described in (7.1.4) and (7.1.5). Recently, Girard (1987a,b) has
proposed an ingenious method for estimating trace A(A) when n is very large,
based on the fact that, if ¢ ~ N(0,I), then Ee¢’A(A)e = traceA(A). A random
vector ¢ is generated and A(A)e obtained in O(n) operations by solving a linear
system. A formula for the standard deviation of ¢/ A(A)e is given, and if this
standard deviation is too large, then the average of k replications of this estimate
can be taken; the standard deviation will go down as 1/vk. Hutchinson (1989)
has studied this a.pproa.(,u with the €; pIUb or minus one with pIOUd,uuu_y %

Gu et al. (1989) have considered the general unstructured case when V is
defined by (4.3.1) with A as in (1.3.23),

2
V(A = %z'(i +nAI)~2z/ (% tr (Z + n,\I)—l) (11.2.1)

where ¥ = Q32Q2 and z = Q4y. An outline of the major steps goes as follows.
(1) Tridiagonalize % as )
U'sU=A
where U is orthogonal and A is tridiagonal. This can be done by successively
applying the Householder transformation (see Dongarra et al. (1979)). A

distributed truncation method is provided in Gu et al. (1988) for speeding up
this step. Letting £ = Uz, then

2
V(A = —a: "(nAI + A)~ z/( tr (nAl + A)™ ) .

(2) Compute the Cholesky decomposition (nAl + A) = C'C, where

a;r b
as bo

>

T 'l
Gpn—M-—-1 Yn—-M-1

Qn—-M

is upper diagonal. ,
(3) Calculate tr(C~1C~") using a trick due to Elden (1984). Letting the ith

_ PPN -M
row of C~! be ¢!, then we have tr(C71C~1) = 77 " {lc;||*.
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From
- ay
b1 a2
b2
-1 v _ —
C 1 C = (e1,...ch-p) =17
Qp—M—1
| bn—M—-1 Gn-pM |
we have
On—-M Cn-M =€np-M
a; c; =e; —bciyy, i=n—-—M-1,...,1

- p—y ! . - .
where the e;’s are unit vectors. Because C~! is lower triangular, ciy; is
orthogonal to e;, giving the recursive formula

lea-ml?® = a2y,

leil> = (+b3cipal®)ae; 2 i=n—M—1,...,1

11.3 Methods for multiple smoothing parameters, with application
to additive and interaction splines

The algorithm of Gu et al. (1989) has been used as a building block by Gu and
Wahba (1988) in an algorithm for minimizing V' (A, ) of (10.1.7), thus allowing
the calculation of additive and interaction splines with multiple smoothing
parameters chosen by GCV. The software appears in Gu (1989b) and can be
obtained from netlib. Here recall that V'(A, §) is given by (11.2.1) with £ replaced
by 63 +...+ szp:

20151 4.+ 0,5, +nA) 2z
- - 2
tr (0151 + ... + 6,5, + nAD)~1)

V(A 0) = w (11.3.1)
1

n
\

As noted previously, all sets (6, A) with Ag = A/ are equivalent. However
a minimization of (11.3.1) in A is “cheap” compared to a minimization in
components of . We briefly describe the algorithm. The algorithm works
iteratively by first fixing # and minimizing V' (A|0) by the algorithm in Gu et
al. (1988). Then, for fixed A, the gradient and Hessian of V(6|A) are evaluated
with respect to the variables pg = log g, and the pg are updated by a modified
Newton method. In this sort of optimization it is important to get good (relative)
starting values for the 6’s. The default starting values in Gu and Wahba (1988)
are obtained as follows. The initial §3’s are taken as

60 = (trSp) .

Then V(A|#) is minimized. (By this we mean VA, 8) is considered as a function
of A with @ given.) This results in a trial fy, with P8 fyll? = (85")%¢'Ege,
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from (10.1.9). New starting values 0[(31) of the 03’s are taken as

9;31) = (Qéo))zc’f:gc,

where ¢ is asseciatﬂd with the trial f) g. V(A|8?) is then minimized with respect
to A via the algorithm of Gu et al. (1989). 6( ) and successive 63’s are obtained

by the modlﬁed Newton update, alternatmg minimizations with respect to A.
The algorithm has been observed to converge rapidly in a number of examples.

Here convergence is defined in terms of minimizing V' (6, \), and is declared
to have occurred if the gradient is small and V no longer decreases. In examples
this has also been seen to drive the predictive mean-square error T'(A, ) to a
minimum. This does not necessarily mean that a particular Ag = A/ has
converged, since if the predictive mean-square error T'(),0) is insensitive to
certain variations in the Ag, then so will be V' (), §), and these cannot be sorted
out by minimizing V' (A, 8). For predictive mean-square error purposes, one would
presumably be indifferent to them. Loosely speaking, Ao Will be more or less

Iy x ar T $ to arriall mn losemn
distmguishaule from A Af, accsrdmg, to whether Tt uaaﬁ is small or 1d.15t:

In Figures 11.1 and 11.2 we present the results of a Monte Carlo example of
an additive model with d = 4, m = 2, n = 100. The data were generated by

= f(x(i))+e, i=1,...,m
with ; ~ N(0,0%) with o = 1, and x = (21, 22, 23, 24) with

f(z1,22,23,24) = 10sin(wxy) + exp(3z3)
+1082 (1 = 24)® 4+ 10%23(1 = 24)1°
= fa(z) + fs(z3) + falzs), say.

Thus the truth is additive with no parametric or main effects component for
z1. The x(i) were random uniform variables on the unit 4-cube. Figure 11.1
gives a scatter plot of the z,(¢), i = 1,2,3,4 and y;. The dashed lines in Figure
11.2 are the fo(zq), with fi(z1) = 0, and the solid lines are the estimates.
The main effects are uniquely determined by the fact that their average values
are zero. They have been shifted in the plots to match the means of the f,’s
(The constant component of the model was estimated to better than the visual
resolution of the picture.)

Table 11.1 gives the value of V(A,0) and T(\,#) after each iteration cycle
(after the A-step). It can be seen that convergence was quite rapid and T appears
to decrease along with V.

11.4 Applications to components of variance, a problem from
meteorology

A similar algorithm for minimizing the GML function

20121 + - + 0,5, + nAI)~!

M(6, ) :
( ) [det 9121 + -+ HPEP + nAI)‘l]l/"“M

(11.4.1)
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TABLE 11.1
V and T, iterated values.

Iteration No. 1% T
0 1.50409 .291176
1 1.50180 .232195
2 1.45412 .273181
3 1.41040 .243224
4 1.40893 .234954
5. 1.40893 .234726

(compare (4.8.4)), is given in Gu et al. (1989) and Gu and Wahba (1988). The
problem of minimizing M (8, A\) comes up in components of variance.

An important example comes from meteorology. We outline the mathemati-
cal ideas here, and further details can be found in Wahba (1989).

Let f be a meteorological field of interest (for example, atmospheric temper-
ature, wind, geopotential, humidity), and let the data from the Bth data source

(sensor or forecast) be
yig=LPf+é® , i=1,...,n5, B=0,1,...,q, (11.4.2)

and suppose the e? = (e?, e, ega)’ are independent, A'(0,wgXg), where the £z
are known. For purposes of estimating f, it is desirable to know the relative
values of the weights wg for the different data sources. If these relative values
were known, all of the ingredients would be available to estimate f from the
pooled data of (11.4.2) by minimizing the appropriate weighted residual sum of
squares plus a penalty functional.

Suppose we can find ¢ + 1 matrices Bg of dimension n x ng, 8 =0,1,...,q
such that .
> BgLf =0,
p=0

where L# = (Lf,...,L£ ). Then

g q
U= Z Bﬁyﬁ ~N 0, Z wﬁB,@EﬁBb

B=0 B=0
where y? = (4 ,...,yﬁﬁ)’ . Suppose that ByXoBy is well-conditioned. Then
taking the eigenvalue eigenvector decomposition BoXoBj = UDU’, and letting

z = DYy,

we have B _
2~ N(O,wi1 By + - +weXy + wol),
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where 23 = DY2U'S4UD~Y2. Letting wy = o%nA and wg = 0204, one
can minimize the negative log-likelihood for z with respect to o2 explicitly.
Substituting in the resulting 62, one is left with an expression of the form
of (11.4.1) to minimize. In order to get good estimates of A\g = Alfg, it
18 necessary that the correlation structure of the different data sets Bgy” be
sufficiently different. Some examples where this is likely to happen in practice
are given in Lonnberg and Hollingsworth (1986). For some other examples of
the use of multiple smoothing parameters in meteorological applications, see
Wahba (1982d), Hoffman (1984, 1985), and Legler, Navon, and O’Brien (1989).
A. Hollingsworth (1989) informs us that development of new data analysis for
estimating initial conditions for use in the European Center for Medium-Range
Weather Forecasts is following along lines suggested by Wahba, (1982d).






CHAPTER 1 2

Special Topics

12.1 The notion of “high frequency” in different spaces.

Let ¥, (¢) = v2cos2mvt, v =1,2,... and let H be the collection of all functions
of d variables with a representation

o0 oG
F@ina) = D Y furwa Vo (71) - Uy (22) (12.1.1)
v =1 vg=1
such that
> @mn)P™ L (2rwg)Pm R, < oo (12.1.2)

V1y.e,g=1

We see that the left-hand side of (12.1.2) is then equal to

1 1 adm 2
1 d

which we may take as the squared norm in H. (We could let the ¥, ’s be sines
as well as cosines and get the same result; to avoid cumbersome notation we will
not do this.)

Alternatively, consider the collection of functions of the form (12.1.1) for
which

o

> (@) 4+ @m)? L < o (12.1.4)

Ui,y =1

It is not hard to see that (12.1.4) is equal to

m [ 1( o™ f )2
—_ [ ... ...dxg. 12.1.5
Y ikl o) et a2y

pr+...+pa=m’

The Hilbert spaces with squared norms (12.1.2) and (12.1.4) are quite different.
The eigenvalues of the r.k. for the first space are

Aviyovg = [(27v1)(2717) . .. (27ryd)]_2m,
145
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and if these are lined up in 31ze place, it can be shown that the nth largest is of

the order of [((logn - 1/n)] . To see this, observe that the number of lattice
points (vq,...,14) on the lattlce of d tuples of positive integers that satisfies

d
Hua <k
=1

is, to first order, given by (1/(d—1)!)k(log k)4~ (1+0(1)). This is obtained from
the volume approximation given by

k kjzz..zq_1 pkfzo..24-1 k k
————dz;...dzg-; = log k
/; /1 j; 1. . Tg1 1 d-1 d- )( g )

(For a sharper approximation, see Ivic (1985, Chap. 3).) Letting A, be the nth
largest eigenvalue, we obtain

1
Aktog =2 a-11 = Gy
Setting
n = [k(log k)*~1/(d — 1)1]
gives

1/(2m)%%*™ = O [(log n)*~! /n]*™ =
Similarly, for the space of (12.1.4) the eigenvalues of the r.k. are

d —-m
)‘ul,...,ud = (2(27”/0:)2) 3

a=1

and we use the volume inside a sphere to estimate the number of lattice points

for which z a=1 Y2 < k. The result is the nth largest eigenvalue is of the order
of n~2m/d

We have noted that the rate of decay of the eigenvalues of the r.k. plays a
role in convergence rates of estimates with noisy data.

Below is a handy theorem giving lower bounds on the r.k. norm of the error,
when the data are exact and the estimate is an orthogonal projection.

THEOREM 12.1.1 (Micchelli and Wahba (1981)). Let Hg be anr.k.h.s. with
r.k. R and eigenvalues and eigenfunctions (A,,®,), v=1,2,.... Let V,, be any
n-dimensional subspace in Hp and let Py, g be the orthogonal projection of g 1
Hr onto V,,. Then, for any p > 1, there exists g € Hgr with

9(t) = / RP/2(t, u)p(u) du (12.1.6)
T
with p € L2[T], [ p*(u)du = 1, such that

lg ~ Pv,gll> > A07 1. (12.1.7)
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To see why this theorem is true, let

&, ={o: 90 = [ Bt u)ote) du |

[ s =1

with p € £5 and

Then -
o) = [ 3002 2,0)2, (w)o(u)
v=1
that is,
g= Z Aﬁ/zpuq)u
v=1
where .
py = j ®,(u)p(u) du
and
| Tp, <1
Consider
inf sup ||g — Py, g|i*.
n gecp

We have the following game. You choose V, to minimize ||g — Py, g| and
nature chooses g to maximize it. The optimal strategy is to choose V, =
span (®;,...,®,). Then nature chooses p, all zero except p,+1; = 1, then

P
I = P l? = /2 a2 = 5221 = A2,
n+1
There are examples (with 7 = [0, 1]) for which V,, = span {Ry,,..., R, } is also
an optimal strategy. The ¢,,...,t, are the n zeros of the (n + 1)st eigenfunction
(see Melkman and Micchelli (1978)).

This is, of course, a theorem giving lower bounds on interpola-
tion error. To see this, let V, be spanned by =,...,m, and let
gi =< g,m >, i = 1,...,n; then Py, g is that element § in Hr minimizing
lg|| subject to < g,m; >= g;, ¢ = 1,...,n. Note that any element in Hp has a
representation as a multiple of an element in C, for p = 1 (to which this theo-
rem does not apply). As an application, consider W,,,, with the r.k. of Chapter
10. Then C, is the collection of functions that satisfy f(2™) ¢ £, and certain
boundary conditions. Since the eigenvalues of the r.k. decay at the rate v 2™,
this theorem says that if one interpolates to f at the points t;, i =1,...,n, then
1/n*™ is a lower bound on the best achievable convergence rate of |lg — Py, g/
for g € C».



148 CHAPTER 12

Note that if the loss were measured as ||g — Py, g||2_, where the subscript
indicates the £2 norm rather than the r. k. norm, the game would be the same,
with

inf sup |lg — Py, gllZ, = X,
n g€Cyp

12.2 Optimal quadrature and experimental design.

Let

F(t) =bg(t) + X(t), teT

where X is a zero-mean Gaussian stochastic process with EX ()X (t) = R(s, t).

One will observe f(t) for t = ¢,,...,t,, ¢ is known, and it is desired to estimate
b. The Gauss—Markov estimate of b is
i _ f'%7g
b=
9'Eg

where f = (f(t1)... f(t2)), ¢ = (9(t1),-..,9(ts))" and X is the n x n matrix
with ijth entry R(¢;,¢;). The variance of bis (¢'%~ 19y~ = ||Py, g|| 72, where Py,
is the orthogonal projection onto Ry, ,... , R4, . Letting V,, be span Rtl ye Rt

b} i than ala CL

we hnvn f‘]’laf f}'ne nvpnrlmo-nfnl docion T em then 1D cquivan:ub to:

menial Gesigi p

t1,...,tn to minimize
”g - Pvng”z'

Lower bounds on ||g — Py, g||? follow from (12.1.7) in the case ¢ € Hg» for p > 1.
This problem was posed and studied by Sacks and Ylvisaker (1969), and studied
by a number of authors (see Wahba (1971) and references there, also Wahba
(1976, 1978c) and Athavale and Wahba (1979)). Let

Lh = fp(u)h(u) du
and suppose one wishes to estimate Lh, given data

h(t;) =< Ry, ,h >, i = 1,...,n. Let V, be span R,,...,R, . Let Py h be
the minimal norm interpolant to this data; then

Lh= /p(u) (Py, h)(u) du
gives a quadrature formula, that is, a formula of tﬁé‘fbrm
Lk = Swih(t;).
Letting h be the representer for L,
h(s) = /R(s, u)p(u) du, (12.2.1)

we have .
Lh =< h,PVnh >=< Pvng,h >
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and -
|[Lh — Lh| =| < h~ Py, g9,h > | <|\h — Py, g||||h]|-

The optimal quadrature problem then becomes the problem of choosing t4,...,t,
to minimize ||g — Py, g]|2. Note that g of (12.2.1) is in Hgs with p=2.

ML LLeLery

The major T = [0 1] results are loosely described as follows. (For technical
details, see the references.) Let the r.k. R(s,t) be a Green’s function for a 2mth
order linear differential operator (as in Section 1.2, for example), or equivalent
to such an R. Let the characteristic discontinuity of R be

2m—1 2m—1

lslfrtlaz—m_l (.S t) a 2 (S’t) = (_l)ma(t)

for some «(t) > 0. Let g(s) = fol R(s,t)p(t) dt where p is strictly positive and
has a bounded first derivative on [0,1]. Then an asymptotically optimal design
Ry, ..., Ry, for minimizing ||g — Py, g||? is given by ¢,,...,t, satisfying

f [p? (w)ar(u)]/ Bm+1) =%/0 [P(w)aw)]YCm+ D ay i=1... n (12.2.2)

These results have been used in a sequential procedure that involves starting
with a trial design, estimating p, and then using (12.2.2) to obtain an additional
set of design points, etc., (see Athavale and Wahba (1979)).

Very little is known of optimal designs for 7 other than [0,1]. Optimal
designs in the tensor product space associated with (12.1.2) can be expected to be
different from those for the (thin-plate) space associated with (12.1.4), because
the eigenfunctions associated with the largest eigenvalues are different. Some
very curious examples for tensor product spaces are given in Wahba (1978c). The
designs given there are for evaluation functionals and their span approximates
the span of the eigenfunctions with large eigenvalues. These designs are known as
blending function designs (see Delvos and Posdorf (1977)). Some recent related
work can be found in Donoho and Johnstone (1989).

The noisy data case is of some importance but very little is known. Here let

yi:<77iaf>+fi, i=17"':n

as before with € = (€1,...,€,) ~ N(0,0%I) and let fy be the minimizer (for
simplicity) of

Z(yi_ <mi, £ >) + SN2

i=1
‘The problem is to choose n;,. .., 1, so that some loss function dependin
is small, One may require that ; = R,, for some t,,...,t,, or one may have more
freedom to choose the 7;’s. In this latter case where the ||7;|| must be bounded
to make the problem nontrivial; we set ||n;|| = 1. Plaskota (1989), has recently
shown that if f is a Gaussian stochastic process with Ef(s)f(t) = R(s,t), then

to minimize expected squared Lz-norm of the error (with the expectation taken
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over f as well as the ¢;’s), the optimal 7;’s are in the span of a proper subset of
the first n eigenfunctions ®,,, with replications.

Suppose the design is n1,...,nn with 7; replicated n; times, Z =1 = n.
Then the information available is assumed to be equivalent to

Ui =<, [ > +€;, i=1,...,N,

where Eé? = ¢2/n;. Here §; is the average of the n; observations involving 7;,
and f is estimated as the minimizer of

N
S niGi— < m f >)? +nA £ (12.2.3)

i=1

Let us see what happens if it is assumed that the n;’s are in span {®,,...,®,}.
Let Ny = \/—_@ this ensures that {|n,||gr = 1. Then < n,,, f > = f,/V/A,, where
= [ f(t)®,(t)dt. After some calculations one obtains f) = Zi\;l f,®,, where
f,, = v, (n,, / (n,, +nA))g,. Further calculation then gives the expected squared
L2-norm of the error as
N 2
Blf— 2 =5 (=)

o

: Lo ,f3+a2Y‘ Ap— T‘ 2. (12.2.4)
=\ ny +nA)/ ~ " (ny + nA)? %_NH

Plaskota’s assumption that E f(s)f(t) = R(s,t) entails that Ef2 = ), and the
optimum n)\ averaged over sample functions is ¢?. Making these substitutions
in (12.2.4), we obtain

N b2 \2
/BN - 5 = 2:(——7)Ay

y—t Ny +o0
n o
2 u v
+ Z +02)2 Z A
v=N+1

\ oo
2 v

= 0o E —_— 4 E Ap. 12.2.5

v=1 (nV + 02) Y ( )

v=N+1

Ignoring the requirement that the n, be integers we have that Ziv:l A/ (ny+0?)

is minimized over mn,,...,ny subject to ny:l n, = n when (n, + crz) is
. 1/2 o

proportional to A,’“. This gives

and (12.2.5) becomes

172
(pu=1M )
BB\ forpall? = o= 212 52,
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The optimal N is then the greatest integer for which

N 1/2v4,1/2
02 (Zp:l Al—"/ )AI\{
n+ No?

< AN

If it is only assumed that f € Hpg, or f € C,, then an optimal design would
depend on the strategy for choosing A, among other things. It appears plausible
that such designs will involve replications of eigenfunctions of the r.k., however.

The nature of optimal designs when || f||? is replaced by ||P,f||? in (12.2.3)
is an open question.
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