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Lecture Note Function

Chapter 1

Functions

1 Definition of a Function

1.1 Definition

Let D and R be two sets of real numbers. A function f is a rule that matches each
number x in D with exactly one and only one number y or f (x) inR. D is called the

domain of fand R is called the range of f. The letter x is sometimes referred to as
independent variable and y dependent variable.

Examples 1:
Let f(x) = x* —2x* +3x+100. Find f (2).

Solution:
f (2):23 —2x2%+3%x2+100=106

Examples 2
A real estate broker charges a commission of 6% on Sales valued up to $300,000. For
sales valued at more than $ 300,000, the commission is $ 6,000 plus 4% of the sales
price.

a. Represent the commission earned as a function R.

b. Find R (200,000).
. Find R (500,000).

(@]

Solution

tad

R(X)= {0.0GX for 0 < x <300,000
0.04x+6000 for x > 300,000
b. Use R (x) =0.06x since 200,000 < 300,000
R (200,000) = 0.06 x 200,000 = $12,000
.Use R (x) =0.04x+ 6000 since 500,000 > 300,000
R (500,000) = 0.04 x 500,000 + 6000 = $26,000

1.2 Domain of a Function
The set of values of the independent variables for which a function can be evaluated is
called the domain of the function.

D={xeR/3yeR,y=f(x))

(@]

Example 3
Find the domain of each of the following functions:

a. f(x):%, b. g(x)=vx-2

Solution
a. Since division by any real number except zero is possible, the only value of x

for which f (x) = L3 cannot be evaluated is x = 3, the value that makes the
X —

denominator of f equal to zero, or D =R -{3}.
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b. Since negative numbers do not have real square roots, the only values of x for
which g(x)=+/x—2 can be evaluated are those for which x—2 is nonnegative,

that is, for whichx—2>0 or x> 2 orD:[2,+oo).

1.3 Composition of Functions
The composite function g [h(x)] is the function formed from the two functions g (u)

and h(x) by substituting h(x)for u in the formula for g (u).

Example 4
Find the composite function g[ h(x)]if g(u)=u”+3u+1landh(x)=x+1.

Solution
Replace u by x+1 in the formula for g to get.

g[h(x)]=(x+1)" +3(x+1)+1=X* +5x+5

Example 5
An environmental study of a certain community suggests that the average daily level

of carbon monoxide in the air will be C(p)=0.5p +1parts per million when the

population is p thousand. It is estimated that t years from now the population of the
community will be P (t) =10+ 0.1t* thousand.

a. Express the level of carbon monoxide in the air as a function of time.
b. When will the carbon monoxide level reach 6.8 parts per million?

Solution
a. Since the level of carbon monoxide is related to the variable p by the equation.

C(p)=05p+1
and the variable p is related to the variable t by the equation.
P(t)=10+0.1t*
It follows that the composite function
C[P(t)]=C(10+0.1t*)=0.5(10+0.1t* ) +1=6+0.05t*
expresses the level of carbon monoxide in the air as a function of the variable t.

b. Set C[P(t)]equal to 6.8 and solve for t to get
6+0.05t> =6.8
0.05t*=0.8
t* =16

t=4
That is, 4 years from now the level of carbon monoxide will be 6.8 parts per million.
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2 The Graph of a Function

Function

The graph of a function f consists of all points (x, y) where X is in the domain of f and

y=f(x).
1
Example 1

Graph the function y = x*. Begin by constructing the table.

Solution

How to Sketch the Graph of a Function f by Plotting Points

Choose a representative collection of numbers x from the domain of f and

construct a table of function values y = f (x) for those numbers.

Plot the corresponding points(x, y)
Connect the plotted points with a smooth curve.

X| -2 -1 0 1 2
y=x>| 4 1 0 1 4
A
y
N S T :
N\ B/
2 a1 2 g
X
2X, if0<x<l1
f(x)= g ifl<x<4
X
3, ifx>4

When making a table of values for this function, remember to use the formula that is
appropriate for each particular value of x. Using the formula f (x)=2xwhen0<x<1

, the formula f (x) = 2/x when1< x < 4and the formula f (x)=3when x >4, you can

compile the following table:

0

172

1

3

4

5

f(x)

Now plot the corresponding point(x, f (x))and draw the graph as in Figure.

0

1

2

1

2/3

3

3
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Function

Ya

w1 2 3 4 5 6 X

Comment
The graph of y = f (x)=ax® +bx+c is a parabola as longasa=0. All

parabolas have a U shape, and y = f (x) =ax” +bx+ c opens either up
(ifa>0) or down (ifa<0). The “Peak” or “Valley” of the parabola is called

its vertex, and in either case, the x coordinate of the vertex isx = —L )

2a

Note that to get a reasonable sketch of the parabola y = ax* +bx + ¢, you need
only determine.

1
2
3

The location of the vertex
Whether the parabola opens up (a>0) or down (a<0)
Any intercepts.

Example 3
For the equation y = x> —6x+4

a.
b.
C.
d

Solution

a.

Find the Vertex.

Find the minimum value fory.
Find the x-intercepts.

Sketch the graph.

2x1
Substituting x = 3 gives y =3° —6x3+4 =-5. The vertex is(3,-5)..
Since a =1> 0and the parabola opens upward, y =-5is the minimum
value fory.
The x-intercept are found by setting x* —6x+4 = 0and solving for x

X:6J_r\/?;6—16 _3+5

We havea =1,b=-6, and c=4. The vertex occurs atx = — =3

The graph opens upward becausea =1>0.The vertex is(3,-5)
The axis of symmetry isx =3.
The x-intercepts are x =3+ J5.
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y=x2-6x+4

3-5 345 X

v

5 feee /35

Example 4
A manufacturer can produce radios at a cost of $10 apiece an estimated that if they are
sold for x dollars, consumers will buy approximately80—xradios each month.
Express the manufacturer’s monthly profit as a function of the price x, graph this
function, and determine the price at which the manufacture’s profit will be greatest.

Solution
Begin by stating the desired relationship in words:
Profit = (number of radios sold) (profit per radio)

Now replace the words by algebraic expressions. You know that :

Number of radios sold = 80 — x

and since the radios are produced at a cost of $10 apiece and sold for x dollars
apiece,

It follows that profit per radio =80— X

Let P(x) denotes the profit and conclude that

P(x)=(80-x)(x—10)=—x*+90x —800
3 Linear Functions

Linear function is a function that changes at a constant rate with respect to its
independent variable. The graph of a linear function is a straight line. The equation of
a linear function can be written in the form

y=mx+Db
where m and b are constants.

3.1The Slope of a Line
The slope of a line is the amount by which the y coordinate of a point on the line
changes when the x coordinate is increased by 1.
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The Slope of a Line

The slope of the nonvertical line passing thruough the points
(x.,y,) and (Xx,, Y, )is given by the formula

Slope = A _ Yoo W
AX X, —X

VA
(%1 Y2)

Example 1
Find the slope of the line joining the points(-2,5) and (3,-1).

3.2 Horizontal and Vertical Lines

The horizontal line has the equationy =b, where b is a constant. Its

slope is equal to zero. The vertical line has the equation x =c, where
c is a constant. Its slope is undefined. See the figure.

y A
y X=C
» X | (C’O)| » X
Horizontal line Vertical line

3.3 The Slope-Intercept Form
The Slope-Intercept Form of the Equation of a Line
The equation
y=mx+Db
is the equation of the line whose slope is m and whose y intercept
is the point(0,b)

Example 2

Find the slope and y intercept of the line 3y + 2x = 6 and draw the graph.

3.4 The Point-Slope Form
The Point-Slope Form of the Equaiton of a Line
The equation y -y, =m(x—X,)is and equation of the line that

passes through the point (x,, y, ) and that slope equal to m.

Example 3
Find an equation of the line that passes through the point (5,1)and

whose slope is equal to1/2.

Example 4

Find an equation of the line that passes through the points(3,—2) and (1,6).

Function
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Example 5

Since the beginning of the year, the price of whole-wheat bread at a local discount
supermarket has been rising at a constant rate of 2 cents per month. By November 1,
the price had reached $1.06 per loaf. Express the price of the bread as a function of
time and determine the price at the beginning of the year.

01|2 10

11 —t—1— \ >

Jan. 1 Nov. 1

Solution
Let  x: denote the number of months that have elapsed since January 1

y: denote the price of a loaf of bread (in cents).
Since y changes at a constant rate with respect to x, the function relating y to x must
be linear and its graph is a straight line. Because the price y increases by 2 each time x
increase by 1, the slope of the line must be 2. Then, we have to write the equation of

the line with slope 2 and passes throught the point(10,106) . By the fomular, we
obtain

Y=Y = m(X_XO)

y—-106 =2(x-10)
or

y=2x+86

At the beginning of the year, we have x=0, then y =86. Hence, the price of tbread
at the beginning of the year was 86 cents per loaf.

Example 6
The average scores of incoming students at an eastern liberal arts college in the SAT
mathematics examination have been declining at a constant rate in recent years. In
1986, the average SAT score was 575, while in 1991 it was 545.

a. Express the average SAT score as a function of time.

b. If the trend continues, what will the average SAT score of incoming students

be in 19967
c. Ifthe trend continues, when will the average SAT score be 5277
(Answer: a.y =-6x+575, b. 515, c. 8)

Example 7

A manufacturer’s total cost consists of a fixed overhead of $ 200 plus production
costs of $ 50 per unit. Express the total cost as a function of the number of units
produced and draw the graph.

Solution
Let x denote the number of units produced and C(x) the corresponding total cost.
Then, Total cost = (cost per unit) (number of units) + overhead.

Where Cost perunit =50
Number of units = x
Overhead =200
Hence,

C(x) = 50x + 200
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700

600

500 [ _

00 C(x) = 50x + 200
3501

200 -..(2,300.):. 1 O)

200 /

1004

9 4

4 Functional Models

4.1 A Profit Function

In the following example, profit is expressed as a function of the price at which a
product is sold.

Example 1

A manufacturer can produce radios at a cost of $ 2 apiece. The radios have been
selling for $ 5 apiece, and at this price, consumers have been buying 4000 radios a
month. The manufacturer is planning to raise the price of the radios and estimate that
for each $1 increase in the price, 400 fewer radios will be sold each month. Express
the manufacturer’s monthly profit as a function of the price at which the radios are
sold.

Solution
Begin by stating the desired relationship in words.
Profit = (number of radios sold) (Profit per radio)
Let x denote the price at which the radios will be sold and P (x)the corresponding

profit.

Number of radios sold = 4000 — 400 (number of $ 1 increases) the number of $
1 increases in the price is the difference x-5 between the new and old selling prices.
Hence,

Number of radios sold = 4000 — 400 (x - 5)

= 400[10 — (x —5)] = 400(15 - x)
Profit per radio = x — 2
P(x)=400(15-x)(x-2)

4.2 Functions Involving Multiple Formulas
In the next example, you will need three formulas to define the desired
function.

Example 2

During a drought, residents of Marin Country, California, were faced with a severe
water shortage. To discourage excessive use of water, the country water district
initiated drastic rate increases. The monthly rate for a family of four was $ 1.22 per
100 cubic feet of water for the first 1,200 cubic feet, $10 per 100 cubic feet for the
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next 1200 cubic feet, and  $50 per 100 cubic feet there after. Express the monthly
water bill for a family of four as a function of the amount of water used.

Solution
Let x denote the number of hundred-cubic-feet units of water used by the family
during the month and C (x) the corresponding cost in dollars. If0 < x <12, the cost is

simply the cost per unit times the number of units used.

C(x)=1.22x
If 12 < x <24 each of the first 12 units cost $1.22, and so the total cost of these 12 units is
1.22(12) = 14.64 dollars. Each of the remaining Xx—12 units costs $10, and hence the total

cost of these units is 10(x —12)do|lars. The cost of all x units is the sum.
C(x)=14.64+10(x—-12)=10x-105.36

If X > 24, the cost of the first 12 units is 1.22 (12) = 14.64 dollars, the cost of the next 12

units is 10 (12) = 120, and the cost of the remaining X — 24 units is so (x—24) dollars. The

cost of all x units is the sum.
C (x) =14.64+120+ 50(x - 24) =50x-1,065.36

Combining these three formulas, you get.
1.22x, if0<x<12

C(x)=1{10x-10536 if12<x<24
50x —1,065.36 if x > 24

The graph of this function C(X)

« | cw i
00 450
12 | 14.64
24 | 134.64 400
30 | 434.64 350

300

250

200

150

100

50

6 12 18 24 30 X

4.3 Break-Even Analysis

Intersections of graphs arise in business in the context of break-even analysis. In a typical
situation, a manufacturer wishes to determine how many units of a certain commaodity have to
be sold for total revenue to equal total cost. Suppose x denotes the number of units

manufactured and sold, and letC (x) andR (x) be the corresponding total cost and total
revenue, respectively. A pair of cost and revenue curves is sketched in Figure:
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Example 3

The Green-Belt Company determines that the cost of manufacturing men’s belts is $ 2
each plus $ 300 per day in fixed costs. The company sells the belts for $ 3 each. What
is the break-even point?

Solution

The break-even point occurs where revenue and cost are equal. By letting x = the
number of belts manufactured in a day, and then we obtain revenue funcion

R(x) = 3x and cost functionC (x) =2x+300. ForC(x) = R(x) , We obtain
3x=2x+300

x =300
So, 300 belts must be sold each day for the company to break even. The company
must sell more than 300 belts each day to make a profit.

AY

1000
900 : Break-even point
800 '
700
600
500
400
300
200

100

v

400 500 600 X

Example 4
Suppose that a company has determined that the cost of producing x items is
500 + 140x and that the price it should charge for one item is P = 200 — x
a. Find the cost function.
b. Find the revenue function.
c. Find the profit function.
d. Find the break-even point
Solution

a. The cost function is given: C (x) =500 +140x

10
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b. The revenue function is found by multiplying the price for one item by the
number of items sold.
R(X)=Pxx=(200-x)x=200x— x>
c. Profit is the difference between revenue and cost
P(x)=R(x)-C(x)
=(200x - x* ) - (500 +140x)

=—x*+60x—500
d. To find the break- event, set the revenue equal to the cost and solve for x

R(x)=C(x)

200x — x* =500 +140x
x* —60x+500=0
(x—10)(x-50)=0

x =10 or x =50

This model shows that a profit occurs if the company produces between 10 and 50
items. We will discuss calculus techniques for maximizing profit later.
y _ Cost

5l LY
9000 + ~
8000 +
7000 + =
6000 + &
soo0+ T
4000 +
3000 +
2000 7 Break-even
1000 +, Loss

" Revenue
Break-even

10 20 30 40 50 60 70 X

4.4 Market Equilibrium

An important economic application involving intersections of graphs arises in
connection with the law of supply and demand. In this context, we think of the
market price p of a commodity as determining the number of units of the commodity
that manufacturers are willing to supply as well as the number of units that consumers

are willing to buy. In most cases, manufacturers’s supply S ( p) increases and

consumers’demand D( p) decreases as the market price p increases. See the figure.

q4
Supply: q=S(p)

Equilibrium
T point

Shortage

e

Surplus

l Demand: q=D(p)

. p
wqumbrlum

price
The point of intersection of the supply and demand curves is called the point of
market equilibrium. The p coordinate of this point (the equilibrium price) is the

SF=-=---

11
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market price at which supply equals demand. We can say another way that the market
price is a price at which there will be neither a surplus nor a shortage of the commodity.

Example 5
Find the equilibrium price and the corresponding number of units supplied and

demanded if the supply function for a certain commodity is S(p)= p*+3p-70 and
the demand functionis D(p)=410-p.

Solution
Set S(p)equal to D(p) and solve for p to get

p®+3p-70=140-p
p°+4p-480=0
(p—20)(p+24)=0
p=20orp=-24
Hence we conclude that the equilibrium price is $20. Since the corresponding supply and
demand are equal, we use the simpler demand equation to compute this quantity to get
D(20)=410-20=390
Hence, 390 units are supplied and demanded when the market is in equilibrium.

Exercises

9 tusa'ﬁnnma?gﬁslﬁﬁétmmﬁmmn;wﬁ@ﬁmmlmﬁ (Compute the indicated values of the

given function)
a. f(x)=3x*+5x-2;f(1),f(0), f(-2)

0.9(x)=x+-9(-1).6(2).9(2
c. h h

9(-1
Vt®+2t+4,h(2),h(0),
(

(t)= (-4)
d. f(t)=(2t-1)"*; f (1), f(5), f (13)
3 ift<-5
e. f(t)=<t+1 if-5<t<5; f(-6), f(-5), f(16)
Jooift>5

b gimmAsnigstandiurHeRYELEewIMB(Specify the domain of the given function)
a.g(x):xz-i_1 b.y=+/Xx-5 c.g(t):\/m
d.f(t)=(2t-4)" ef(x)=(x*-9)"

m  gumRigidenuistheaniBmintndsnywmag tgaq drmEpitanshwRgnYs

C(q)=09°-30g° +400q +500

. nnsigidilmindntgs bonmm 4

2. ANSI it EIlmMIRMHRRmEno |

12
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(Suppose the total cost of manufacturing g units of a certain commodity is given by the
function C(q)=q*-30q* +400q +500 . a. Compute the cost of manufacturing 20

units. b. Compute the cost of manufacturing the 20" unit.) (Answer: a. $4,500 b. $371)

G InHSHBEUAMA (Find the composite function) g [h(x)]
a.g(u)=u*+4, h(x)=x-1

b.g(u)=3u’+2u—-6, h(x)=x+2
c.g(u):(u—1)3+2u2, h(x)=x+1
d.g(u):uiz, h(x)=x-1

e. 9(u) = h(x) ==

¢ INHSHUSUNMAMYMITEMALELNS{MY (find the indicated composite function)
a. f(x+1) where f (x)=x*+5
b. f (x—2) where f (x) =2x*-3x+1

c. f(x—1) wheref (x)=(x+1)"-3x*

® IAHGAY éh(x)sﬁ g(u)ism f(x)=g[h( x]
f(x)=(x*~3x2 +12) b. f (X) =+/3x—
() =(x1) +2(x1) 43 <x>=J_

e. f(X) =X 13-

(x+4f
A sipmnus(iyw iglewuibmisdn g ompusunisnisanypelis §
C () =q° +q-+900 gan 1 fugtuiy dimmnsanm q(t) = 25t aAmgimsnba
pust: 1o t dyistejuinnnlany 1 A giuna igiewjuiBmisdamagnesist |
8. ifEun! SamwigslRGnny ielsmsume & imshouamisnigidvaruibms
RUHMSEN $11,000 2 (At a certain factory, the total cost of manufacturing g units
during the daily production runis C (q) =% +q+900dollars. On a typical

workday, q(t)= 25t units are manufactured during the first t hours of a

production run. a. Express the total manufacturing cost as a function of t. b.How
much will have been spent on production by the end of the 3™ hour?) c. When will
the total manufacturing cost reach $11,000?

13
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(Answer: a.C [q (t)] = 625t° + 25t +900 b. $6,600 c.After 4 hours)

6 signwifien mitaguginstongsmdnmiitunsimiut sl idwigieisy
BRI p gugwanm 8 Sg8x anmistlatuiznnsn 1 mskwt
R=xp 1 {Rajpun{gims ishs p 84 x eiighm 1 10 swiRsig)h insuunein{nisw
e 1 qUIM p 84 X AfcummuyIts: MEmIBEIMI p=-24x+20, 0<x <200 9

BITAIMISNYAGAN R thEgAydisx 1 (In economics, revenue R is defined as

the amount of money derived from the sale of a product and is equal to the unit
selling price p of the product times the number x of units actually sold. That is,
R = xp . In economics, the Law of Demand states that p and x are related: As one

increases, the other decrease. Suppose that p and x are related by the following
demand equation: p =—;-x+20, 0<x<200. Express the revenue R as a function

of the number x of units sold.) (Answer: R (x)=—-= x* +20x)

¢ if pBuviman xisninnmywisument mmsimuudmisnggimi

p:—%x+100,0£x£600 q

fi. GItEIRISNY MASANUmHSABEIEISH X

8. IlRARRRURERooIRM IHMASAAIGETMS?

fi. MU HeREETSS
w.iiadugsiausigmasnuaiuim? faigafummnading?

b, natgmiigwpuhemitong B8 masapuatuim |
(The price p and the quantity x sold of a certain product obey the demand equation

p:-%x+100,0£x£600

a. Express the revenue R as a function of x. (Remember,R = xp)

b. What is the revenue of the company if 200 units are sold?

c. Graph the revenue function.

d. What quantity x maximizes revenue? What is the maximum revenue?
e. What price should the company charge to maximize revenue?)

(Ans:a.R(x)= —1x?+100x, b.$13,333.33, ¢. 15,000 d.x =300, $15,000 e. $50)
90 if pEutiTAN xisRURRUYWItUMeH mimglmuaEmnigimi
X=-5p+100,0< p<20 9
f. NS EMABARmEgREEIGIEY x
8. UIAUARUERUHGOEIRM IR {MASANUIHUS?
. ORNDIUAHSHYEISe 9
w. ixdgigsiiwsgmitusivime Wnigaiunmaagins
i

innigmitsnehsEitong BdamasaurRum |
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Lecture Note Function

(The price p and the quantity x sold of a certain product obey the demand
equation x=-5p+100,0<x <20
a. Express the revenue R as a function of x. (Remember,R = xp)

b. What is the revenue of the company if 15 units are sold?

c. Graph the revenue function.

d. What quantity x maximizes revenue? What is the maximum revenue?
e. What price should the company charge to maximize revenue?)
(Answer: a. R(x)=-1x*+20x, b. $255 ¢. 500 d.x=50, $500 e. $10)

5

99 gajINATNAMERTATHM AR EBoSAN ANy 1 iBmuRTREueiY X SAnnhyw

12

om

9G

T[] IMeHHBns8uGn 120 — x ipjunygwis 1 yienmnigpu At eisiug
gRININNT MHSHBSENGIYR 1 ARMUITRHGAYS JHMmYTt:ise gIMsaneiguiit

Lﬁtﬁ?iﬁu}ﬁ 4 (A manufacturer can produce cassette tape recorders at a cost of $20

apiece. It is estimated that if the tape recorders are sold for x dollars a piece,
consumers will buy 120 —x of them a month. Express the manufacturer’s
monthly profit as a function of price, graph this function, and use the graph to
estimate the optimal selling price.)

(Answer: P(x)=(x—20)(120—x), Optimal price: $70 per recorder)

Write the equation for the line with the given properties

a. Through (2,0) with slope 1.

b. Through (5, - 2)with slope _?1

c. Through (2, 5) and parallel to the x axis

d.Though (1,0)and (0,1)

e. Through (2,5)and (1,2)

f. Through(1,5)and (3,5)
ipifuniuIudganRIING Jemesamwigpoituis § oooganyniuigidunn
nYIEEY 20 FANpugwRMm 1 giunwImnyigiluiu hrgnedistgsanmizuns
REOHIBOATMY 1 (A manufacturer’s total cost consists of a fixed overhead of

$5,000 plus production costs of $60 per unit. Express the total cost as a function
of the number of units produced and draw the graph.). (Ans: y =60x+5,000)

inmiguilamAnsiirigmigan pitunsaigotoodan tnginsmaimns
IBIURE RS I ORET R | Ealslin ﬁ?gjmﬁﬁmjﬁmQ‘immsﬁﬁgwﬁgsgﬁﬁlmtﬁi
reee s isisamis gty 1 grnamspeymsdai gruatagie
rgrudis 10w JEH{MY Y (A doctor owns $1,500 worth of medical books

which, for tax purposes, are assumed to depreciate linearly to zero over a 10-
year period. That is, the value of the books decreases at a constant rate so that it
is equal to zero at the end of 10 years. Express the value of the books as a
function of time and draw the graph.)(Answer: y =-150x+1,500).

15



Lecture Note Function

ot

99

oy

O] ¢]

nummtidyiesn muindnywnsnsuidngspmitigw 1 1eliggob isie mump
GmmeRnEnms Boo ANS NG 1151158 bo Mislwmin 9d¢ ANsTNGH 1 BT
mignumugjiimangnisinumy thugnuieiiunm fabpmy 1 1fisiigdd Snisiny

mﬁmsﬁnﬂsijgws? (Since the beginning of the month, a local reservoir has been
losing water at a constant rate. On the 12" of the month the reservoir held 200
million gallons of water, and on the 21th it held only 164 million gallons.
Express the amount of water in the reservoir as a function the time and draw the
graph. How much water was in the reservoir as a function of time and draw the
graph.)

(Answer: y =—-4x+ 248 216 million gallons).
gRPIRIIAMERGHI g hwsimwitigids bianaugwidis 1 Igimeminemn
A gEgAN g Y inutensniyiss #HtusEuGaigsinmecoooiijuntyt
te ampumnfimsspmismimsnguigie sinmatimnaiiugnmyss w{m
miﬁi”t:m?g 9N imsﬁgs?gﬁﬁmmﬁ [ lits Gomﬁﬁgﬁgﬁj‘fe 1 GIOITRIINISNY

mugjigdle) nSuw hithrgrufieiBuniywn mimuganimiG 1 fang:
GgsiginnEumd e y thrgnu8misifi iel Sty x I sdiwmuisahmimy
ﬁn@ts(& 4000) (A manufacturer can produce radios at a cost of $2 apiece. The

radios have been selling for $5 apiece, and at this price, consumers have been
buying 4,000 radios a month. The manufacturer is planning to raise the price of
the radios and estimates that for each $1 increase in the price, 400 fewer radios
will be sold each month. Express the number of radios sold as a function of the
manufacturer’s selling price. [Hint: Note that the number of radios sold y is a
linear function of the selling price x and that its graph passes through the point
(5, 4000). What is the slope?]

(Answer: 400(10-x),0<x<10)

pUMIBGREEMyWRNm imansimwitigids p = 35x +15 tws il x nrm

A

[mimsnis 1 shiniielmatnigeitniss giG8mMBas X DR INBINIIHAS A

u

ﬁﬂgmmﬁgﬁ‘&iﬁS X 4 (Each unit of a certain commodity costs p = 35x+15 cents

when x units of the commodity are produced. If all x units are sold at this price,
express the revenue derived from the sales as a function of x.)

(Ans:P(x)=x(35x+15))
BUHRIMA WREOIFURT i goRa YA ifwdienssiyiss #HSNemssmmooo

°

Aguguywie 1 sbanneemisEmgigg iiwnsifiagnn simsmadjiigogmn
1me NS GEBesARIBLNANG NAGEge0000AuRIYie 1 HlnRTNHEHDE
Aga igREcEaNnuYwAQL 1 gInImSNE MASIANQUETeruaina
amauniAge hassuSigiBhigun atimy jshsaeiguiitumGhige 1 (A
manufacturer has been selling lamps at the price of $6 per lamp, and at this price,
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o8

consumers have been buying 3,000 lamps a month. The manufacturer wishes to
raise the price and estimates that for each $1 increase in the price, 1,000 fewer

Function

lamps will be sold each month. The manufacturer can produce the lamps at a cost

of $4 per lamp. Express the manufacturer’s monthly profit as a function of the

price that the lamps are sold, draw the graph, and estimate the optimal selling
price.)(Answer: $6.50)

wmgimiteymutinis nnfnshimasignmshinisrvwitudmshifumningiait

gaiglimuigiGrtinis nHRn s Mmoot BN (e GHITAGIgIMERE00TH 5

1 igigymuisumigumiegids egan nuywis(s Toigisimuisumoitteg Sy

ganpuywisyy  wwidnuuigsy  siwnmsigsimuilmimgiiejmuhusnus

1g1841x 1 (A cable is to be run from a power plant on one side of a river 900

meters wide to a factory on the other side, 3,000 meters downstream. The cable
will be run in a straight line from the power plant to some point P on the opposite
bank and then along the bank to the factory. The cost of running the cable across
the water is $5 per meter, while the cost over land is $4 per meters. Let x be the
distance from P to the point directly across the river from the power plant and

express the cost of installing the cable as a function of x.)

(Answer: C(x)=4(3,000—-x)+5/810,000+ x* )

900m

3000m Power Plant

ko wmHAnHMITENAvATEwENSTY dodan 1 IFiBunIusmstammiRHois:

§000 gan SigidunRdnny mogansimsgty 4

f. IBMAHIuARSsUNSIT YA uity?

8.iRMA I ARt ]G MI[MATIANG H000LAN?

A. 1Rty oo § inmaemTMe Budinnmims?

w. il pigininyw grodmuyisssnudmisnu Sunsnudigide o
(A furniture manufacturer can sell dining-room tables for $70 apiece. The

manufacture*s total cost consists of a fixed overhead of $8,000 plus production

costs of $30 per table.
a. How many tables must be the manufacturer sell to break even?

b. How many tables must the manufacturer sell to make a profit of $6,000?

c. What will the manufacturer’s profit or loss if 150 tables are sold?
d. On the same axes, graph the manufacture’s total revenue and total cost

functions.
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o mumMuliuFiun ﬁ?gttﬁﬁﬁﬁmﬁmgjﬁgﬁHtmmmij%iﬁ2 Sy WYNgunIYie 4
An(RigEoBgm nigsadiuaail.03 fannuytungy 1
fi. GronIHgAYER g pRAMmHSnESgTENNm JERM{MY |
g. inmutighidug sigipiaingsuigs?
A, ifigiigGoienan wigiuumimgsines

(Since the beginning of the year, the price gasoline has been increasing a constant

rate of 2 cents per gallon per month. By June first, the price had reached $1.03
per gallon.

a. Express the price of the gasoline as a function of time and draw the graph.
b. What was the price at the beginning of the year?
c. What will the price be on October first?)

(Answer: a. P(x)=2x+93, b.93cents/gallon, c. $1.11 per gallon)

&5 (M)
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Lecture Note Differentiation

Chapter 2
Differentiation: Basic Concepts

1 The Derivative
Definition
For the functiony = f (x), the derivative of f at x is defined to be:

£/(x) = Iim{f(x+Ax)—f(x)}

Ax—0 AX

provided that the limit exists.

To find a derivative by using the definition
f(x+Ax) - f(x)
AX
2. Simplify the difference quotient algebraically.

3. Calculate f'(x)= lim [ f(x+4x) - f(x)}

1. Form the ratio , called the difference quotient.

x>0 AX
Example 1

Use the definition of derivative to find f'(x) for f (x)=x>.
Solution

Step 1: Form the deference quotient.
f (x+Ax)-f(x) (x+Ax)2 —-x°

AX B AX
Step 2: Simplify the difference quotient
(x+Ax)2 —x? ~ x? +2xAx+(Ax)2 —x? ~ 2xAx+(Ax)2
AX B AX B AX
Step 3: Find the limit.
lim (2x+Ax):2x+O= 2X

Ax—0

Therefore, f'(x)=2x.

Example 2
Suppose a manufacturer’s profit from the sale of radios is given by the function

P(x)=400(15—-x)(x—2), where x is the price at which the radios are sold. Find the
selling price that maximizes profit.

= 2X+ AX

Solution
Your goal is to find the value of x that maximizes the profit P(x) . This is the value of
x for which the slope of the tangent line is zero. Since the slope of the tangent line is
given by the derivative, begin by computing P'(x) .For simplicity; apply the definition
of the derivative to the unfactored form of the profit function.

P (x)=—400x" +6,800x —12,000
You find that
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P'(x) = lim [P(X—FAX) -~ P(x)}
Ax—0 AX
then
, . —400(x+AX)" +6,800(x + Ax) —12,000 - (-400x” +68,00x 12,000
P(x)= fim, A
_ i ~200( AX)" —8OOXAX +6,800A%
- A)!TO AX

= lim (—400AX —800x + 6,800) =-800x+6,800

AX—0

To find the value of x for which the slope of the tangent is zero, set the derivative
equal to zero and solve the resulting equation for x as follows:

P'(x)=0
then
—-800x+6800=0
800x = 6800
6800
X — —

=——=85
800

It follows that x = 8.5 are the x coordinates of the peak of the graph and that the
optimal selling price is $ 8.50 per radio.

2 Techniques of Differentiation
2.1 The Power Rule
For any number n,

d n n-1

—(x")=nx

%)
That is, to find the derivative of X", reduce the power of x by 1 and multiply by the
original power.

Example 1
Differentiate (find the derivative of) each of the following functions:
1 1
a" :X27l b' = ] C- :\/;y d. -
y y 7 y y X

Solution
In each case, use exponential to write the function as a power function and then apply
the general rule.

a i(x27)=27x27‘1=27x26

" dx

ST
d d 1 1 2 1

“ &(&):&(XHZ)ZEXZ =ox’ ok

d( 1) d( 1( -4 1 - 1
d —| —=|=—| X2 |=—=| X =—=|X2?|=-
dx\+/x /) dx 2 2 24/x°
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Lecture Note Differentiation

2.2 The Derivative of a constant
For any constant C,

d
—(C)=0
< (C)

That is, the derivative of a constant is zero.

2.3 The Constant Multiple Rule
For any constant C,
9ery=c® _cr(x)
dx dx
That is, the derivative of a constant time a function is equal to the constant times the
derivative of the function.

Example 2
Differentiate the function y =3x°
Solution:

You already know thatdi(xs) =5x*. Combining this with the constant multiple rule,
X

d d
you get&(3x5) :3&(%’) =3(5x") =15x".
2.4 The Sum Rule
d df  dg
—(f+g)=—x—===1'(x)£qg’
dx( g) dx dx (X) g(x)

That is, the derivative of a sum is the sum of the individual derivatives.
Example 3

Differentiate the function y = x* +3x°

Solution
i(x2 +3x5) :i(x2)+i(3x5) =2x+15x*
dx dx dx
2.5 The Product Rule
%( fq) = g%+ fg—?(= £(x) g (X)+ g (x) F (x)

That is, the derivative of a product is the first factor times the derivative of the second
plus the second factor times the derivative of the first.
Example 4

Differentiate the function y = x* (3x+1)

Solution
According to the product rule

%[xz (3x+1)] = (3x+1)0?—x(x2)+ XZ%(SX +1)
=(3x+1)2x+x*x3

=9x° +2X

2.6 The Derivative of a Quotient
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df d
1(1} e
dx{ g g°
Example 5
Differentiate the rational function
_xF+2x-21
- X—3

Solution
According to the quotient rule,

d d
dy (x—B)&(xz +2x-21)—(x? +2x—21)d—(x—3)

X
dx (x—3)2
(x=3)(2x+2)—(x* +2x-21)
i (x-3)
2x2 —4X—-6-Xx>—-2x+21 Xx*—6x+15
i (x-3) (-3

3 The Derivative as a Rate of change
3.1 Average and Instantaneous Rate of Change
Suppose that y is a function of x, say y = f (x). Corresponding to a change from x to

X+ Ax , the variable y changes by an amount Ay = f (x+ Ax) — f (x). The resulting
average rate of change of y with respect to x is the difference quotient
changeiny f(x+Ax)-f(x)

change in x - AX

As the interval over which you are averaging becomes shorter (that is, as Ax
approaches zero), the average rate of change approaches what you would intuitively
call the instantaneous rate of change of y with respect to x and the difference

Average rate of change =

quotient approaches the derivative f’(x) or % That is,
X
f(X+Ax)—f(x
Instantaneuous rate of change = lim ( )= f( )z f’(x):ﬂ
Ax—0 AX dX

Instantaneous Rate of Change
Ify=f1 (x) , the instantaneous rate of change of y with respect to x is given by

the derivative of f. That is,
_dy

Rate of change = f'(x) 5
X

Example 1
It is estimated that x months from now, the population of a certain community will be

P(x)=x*+20x+8,000
a. At what rate will the population be changing with respect to time 15 months

from now?
b. By how much will the population actually change during the 16™ month?
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Solution
a. The rate of change of the population with respect to time is the derivative of the
population function. That is,

Rate of change = P'(x) = 2x+ 20

The rate of change of the population 15 months from now will be
P’'(15) =2x15+20="50 people per month
b. The actual change in the population during the 16™ month is the difference

between the population at the end of 16 month and the population at the end of
15 months. That is,

Change in population = P(16)— P (15) = 8,576 —8,525 =51 People
3.2 Percentage Rate of Change
rate of change of quantity
size of quantity
Ify = f(X), the percentage rate of change of y with respect to x is given by the
formula

Percentage rate of change =100

f !
Percentage rate of change =100 (X) =100 ik

f(x) y
Example 2
The gross national product (GNP) of a certain country was N (t) =t* +5t +106 billion
dollars years after 1980.

a. At what rate was the GNP changing with respect to time in 1988?
b. At what percentage rate was the GNP changing with respect to time in 1988?

Solution
a. The rate of change of the GNP is the derivative N ’(t) =2t +5. The rate of change in

1988 was N'(8) =2x8+5=21 billion dollars per year.

b. The percentage rate of change of the GNP in 1988 was
N'(8) 21
100——= =100—— =10 percent per year
N (8) 210

4 Approximation by Differentials; Marginal Analysis
If y is a function of x, then we have basic formula

Change [ rate of change of y
iny | | with respect to x

Jx(change inx)

Approximation Formula
If y=f (x) and Ax is a small change in x, then the corresponding change iny is

dy
AY ~ — AX
y dx

or, in functional notation, the corresponding change in f is

Af = f (x+Ax)— f (x) = f'(x)Ax
That is, the change in the function is approximately that derivative of the
function times the change in its variable.
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Example 1
Suppose the total cost in dollars of manufacturing q units of a certain commodity is

C(q) =3q°+5q+10 if the current level of production is 40 units, estimate how the
total cost will change if 40.5 units are produced.

Solution
In this problem, the current value of the variable isq = 40and the change in the

variable isAq = 0.5, by the approximation formula, the corresponding change in cost is
AC =C(40.5)-C(40)=C'(40)Aq=C’(40)x0.5
since
C'(q)=6q+5and C'(40)=6x40+5=245
it follows that
AC =C'(40)x0.5=245x0.5=$122.50
Example 2
The daily output at a certain factory is Q(L) =900L** unitswhere Ldenotes the size
of the labor force measured in worker-hours. Currently, 1,000 worker-hours of labor

are used each day. Use calculus to estimate the number of additional worker-hours of
labor that will be needed to increase daily output by 15 units.

Solution
Solve for AL using approximating formula
AQ=Q'(L)xAL
with
AQ =15, L=1,000 and Q'(L)=300L""

to get

15~300(1,000) ** A
or

AL~ —(1,000)" = 15 107 =5 worker-hours
300 300

4.1 Approximation of Percentage change
The percentage change of a quantity expresses the change in that quantity as a
percentage of its size prior to the change. In particular,
change in quantity
size of quantity

This formula can be combined with the approximation formula and written in
functional notation as follows.

Percentage change =100

Approximation Formula for Percentage Change
If Axisa (small) change in x, the corresponding percentage change in the
function f (x)is
f'(X)xAX
Percentage change in f =100x—— A =100x ( )X

f(x) f(x)
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Example 3
The GNP of a certain country was N (t) =t +5t + 200 billion dollars t years after

1990. Use calculus to estimate the percentage change in the GNP during the first
quarter of 1998.

Solution
Use the formula
N'(t)At

N (t)

Percentage change in N =100

Witht =8, At=0.25 and N'(t)=2t+5to get

N’(8)x0.25
N (8)
(2x8+5)0.25

82 +5x8+200
=1.73 percent

Percentage change in N =100

=100

Example 4
At a certain factory, the daily outputis Q(K) = 4,000K*? units, where K denotes the

firm’s capital investment. Use calculus to estimate the percentage increase in output
that will result from a 1 percent increase in capital investment.

Solution
The derivative is Q’( K) =2,000K ¥2. The fact that K increases by 1 percent means

that AK = 0.01K . Hence,
Q'(K)AK
Q(K)
2,000k ¥?(0.01K)
4,000K "2
= 0.5 percent

Percentage change in Q =100

=100

4.2 Marginal Analysis in Economics
In economics, the use of the derivative to approximate the change in a function
produced by a 1-unit change in its variable is called marginal analysis. For example,

if C(x)is the total production cost incurred by a manufacturer when x units are
produced and R(x) is the total revenue derived from the sale of x units, then C'(x)is

called the marginal cost and R’(x) is called the marginal revenue. If production (or

sales) is increased by 1 unit, then Ax =1 and the approximation formula:
AC =C(x+Ax)—C(x)~C'(x)Ax

becomes
AC =C(x+1)-C(x)=~C'(x)
while
AR =R(x+Ax)—R(x) = R'(x)Ax
becomes
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AR =R(x+1)-R(x)=R'(x)
That is, the marginal cost C’(x) is an approximation to the cost C (x+1)—C(x) of
producing the(x+1)st unit, and similarly, the marginal revenue R’(x) isan

approximation to the revenue derived from the sale of the (x +1)st unit. To

summarize:
Approximation by Marginal cost and Marginal Revenue

If C(x)is the total cost of producing x units and R(x)is the total revenue

derived from the sale of x units, then
Marginal cost =C’(x) ~ the cost of producing the (x+1)stunit

Marginal revenue =R’(x) ~ the revenue derived from the sale of the (x+1)st
unit
Example 5
A manufacture estimates that when x units of a particular commodity are produced,
the total cost will be C(x):%x2 +3x+98 dollars, and that P(x):%(75—x) dollars

per unit is the price at which all x units will be sold.
a. Find the marginal cost and the marginal revenue.
b. Use marginal cost to estimate the cost of producing the 9" unit.
c. What is the actual cost of producing the 9™ unit?
d. Uﬁe the marginal revenue to estimate the revenue derived from the sale of the
9" unit.
e. What is the actual revenue derived from the sale of the 9™ unit?
Solution

a. The marginal cost isC’(x):%x+3. Since x units of the commodity are

sold at a price of P(Xx) :%(75— x) dollars per unit, the total revenue is

R(x) = (number of units sold)x (price per unit)

=xP(x)= xB(?S—x)} = 25X—%X2

The marginal revenue is R'(x) = 25—§x

b. The cost of producing the 9" unit is the change in cost as x increase from 8
to 9 and can be estimated by the marginal cost

C'(x):1x8+3:$5
4

c. The actual cost of producing the 9™ unit is
AC=C(9)-C(8)=%5.13
which is reasonable well approximated by the marginal cost C'(8)=$5

d. The revenue obtained from the sale of the 9" unit is approximated by the
marginal revenue:
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R'(8) = 25—§><8 =$19.67

e. The actual revenue obtained from the sale of the 9" unit is
AR=R(9)-R(8)=$19.33

4.3 Differentials
The expression f'(x)Ax on the right hand

side of the approximation formula y4 y=f (X)
Af = f'(x)Ax is sometimes called the

differential of f and is denoted by df.

Similarly, the expression %Ax on the right-

hand side of the other form of the Ay
approximation formula Ay = %Ax is known Tange I I X dy
as the differential of y and is denoted by dy. X X+AX

Thus, is Ax is small,

Ay = dy where dy = %Ax

5 The Chain Rule

Suppose the total manufacturing cost at a certain factory is a function of the number
of units produced, which in turn is a function of the number of hours during which the
factory has been operating. Let C, g and t denote the cost (in dollars), the number of
units, and the number of hours, respectively. Then,

z—;: = rate of change with respect to output (dollars per unit)

and

2—? =rate of change of output with respect to time (units per hour)

The product of these two rates is the rate of change of cost with respect to time. That is,

dC dq ( rate of change of cost
= _ (dollars per hours)
dg dt | with respect to time

Since the rate of change of cost with respect to time is also given by the derivative
d—(t:, it follows that

dc_dcdg

dt dq dt
This formula is a special case of an important rule called the chain rule.

The Chain Rule

Suppose y is a differentialbe function of u and u is a differentiable function of
X. Theny can be regarded as a function x and

dy dydu

dx  du dx
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Example 1

Suppose that y=u+ Ju andu=x®+17. Use the Chain Rule to find%, then
X

evaluate % at x=2 (Such an evaluation is denoted by % )

x=2
Solution
y=u++Ju=u+u¥% and u=x’+17
1

Y iyt and d—u=sz

du 2 2Ju dx
So, by the Chain Rule,

dy dy du (14 1 o

dx dudx 2Ju

du

Ifx=2,thenu=2°+17= 25andd——3>< 22 =12 . Hence
X

x12 = (1+ 1 Jle:@
10 5

dy
dx

_E 2425

Example 2

Find dy —when x =1if y—Land u=3x"-1 (Answer: 2/3)
dx u+l

Example 3
Differentiate the function

a. f(x)=vx*+3x+2 b. £ (x)=(2x" —x) c. f(x)zﬁ

Example 4
An environmental study of a certain suburban community suggests that the average

daily level of carbon monoxide in the air will be C( p) =/0.5p +17 parts per million

when the population is p thousand. It is estimated that t years from now, the
population of the community will be p(t) =3.1+0.1t* thousand.

At what rate will the carbon monoxide level be changing with respect to time 3 years
from now?

Solution

The goal is to find dd—(t: whent =3. Since

dc 1 1
P 2(05p )[052p] p(05p +17)
and
B _ o2
dt

it follows from the chain rule that

dc_dc dp_1 ) = 0.1pt
w2 = p(05p2+17) 2(0.2t) = ——=
dt dp dt 2 ( ) (0.21) \0.5p? +17
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whent =3, p=p(3)=3.1+0.1x3° =4 and so
dc 0.1x4x3 1.

2
dt  J05x42+17 /25

6 Higher-Order Derivatives

6.1 The Second Derivative

The second derivative of a function is the derivative of its derivative. Ify = f (x) , the

second derivative is denoted by:
d’y
dx?

The second derivative gives the rate of change of the rate change of the original

function.

=0.24 parts per million per year

or f"(x)

Example 1

Find both the first and second derivatives of the functions:

a f(x)=x"-12x+1 b. f(X)=5x* ~3x? —3x+7 ¢ t(x)=2"2
(x-1)

Example 2

An efficiency study of the morning shift at a certain factory indicates that an average
worker who arrives on the job at 8:00AM. Will have produced Q(t) = —t* + 6t + 24t
units t hours later.
a. Compute the worker’s rate of production at 11:00A.M
b. Atwhat rate is the worker’s rate of production changing with respect to time
at 11:00A.M?
c. Use calculus to estimate the change in the worker’s rate of production
between 11:00 and 11:10A.M.
d. Compute the actual change in the worker’s rate of production between
11:00 and 11:10A.M.
Solution
a. The worker’s rate of production is the first derivative

Q'(t)=-3t*+12t+24
At 11:00 A.M., t =3 and the rate of production is
Q'(3)=-3x3*+12x3+ 24 = 33units per hour
b. The rate of change of the rate of production is the second derivative
Q"(t)=-6t+12
At 11:00 A.M., the rate is
Q" (3) =-6x3+12 = -6 unit per hour per hour
c. Note that 10 minutes is 1/6 hours, and hence At =1/6hour.
Change in rate of production is AQ"= Q" (t)At

= _6><% = —1unit per hour
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d. The actual change in the worker’s rate of production between 11:00 and
11:10 A.M. is the difference between the values of the rate Q’(t)when

t=3and Whent:3%:%. That is,

Actual change in
J = ’(QJ—Q’(B) =—1.08 units per hour
rate of production 6

6.2 The n" Derivative
For any positive integer n, the n derivative of a function is obtained from the
function by differentiating successively n times. If the original function isy = f (x),

the n™ derivative is denoted by

d"y (n)
f
i (x)

Example 3
Find the 5™ derivative of each of the following functions:
a. f(x)=5x"+2x"+x"-3 b. y:%.
7 Concavity and the Second Derivative Test
Concavity
Suppose that f is differentiable on the interval (a,b).
a. If f"is increasing on (a,b),then the graph of f is concave upward
on (a,b).
b. If f' isdecreasing on (a,b), then the graph of f is concave downward on
(ab).
To Determine Concavity
Suppose that f isa functionand f’ and f" both exist on the interval (a,b).

a. If £"(x)>0 forallxin(a,b),then f' isincreasingandf is concave

upward on (a,b).
b. If f"(x)<0 forall xin (a,b), then f' isdecreasingandf isconcave
downward on (a,b).
Critical Points
A critical point of a function is a point on its graph where either:
+ The derivative is zero, or
+ The derivative is undefined
The relative maxima and minima of the function can occur only at critical points.
A

Concave upward
(holds water)

Slopé Slope

Concave downward
(spills water)

To Determine Points of Inflection
A point on the graph of a function at which the concavity of the function changes is
called an inflection point.
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Suppose that f is a continuous function.
a. Find f"
b. Find the hypercritical values of x. That is, find the values x=c where

+ f"(c)=0,0r
+ f"(c) is undefined
c. Using the hypercritical values as endpoints of intervals, determine the
interval where
+ f"(x)>0 and f is concave upward, and
+ f"(x)<0andf is concave downward.
d. Point of inflection occurs at those hypercritical values where f changes

concavity.
y A y A
X X
Increasing, concave up Increasing, concave down
f'(x)>0,f"(x)>0 f'(x)>0,f"(x)<0
y A y A
)X X
decreasing, concave up decreasing, concave down
f'(x)<0, f"(x)>0 f'(x)<0, f"(x)<0

Example 1
For the function f(x):xs—%x2+5 (@) determine the intervals on which f is
concave upward and the intervals on which it is concave downward, and (b) locate

any points of inflection.

Solution
a. We find the hypercritical values and then determine the concavity on the

related intervals.
(x)=x° —%xz +5

f
f'(x)=3x*-3x
f

"(x)=6x-3
Now set f”(x)=0(There are no values where f”(x)=0 is undefined.)
6x-3=0,x= 1
2

There are two intervals to be considered: (—oo,%) and (%,-‘rooj
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Concave down

Concave up
(0 7N \/
' 0 1 +) X
Test x=-1 2 Test x=1
A
4 A 4 % N
f"(-1)=6(-1)-3=-9<0 f"(1)=6(+1)-3=3>0

f is concave upward on (%,+oojand downward on (—oo,%j

b. f (EJ = 19 changes concavity at x = 1 , therefore the point(l,gj isa
2) 4 2 2 4
point of inflection.

[ Inflection point

)

Second-Derivative Test
Suppose that f'(a)=0.

If f”(a) >0, then f has a relative minimum atx=a.
If f”(a) <0, then f has a relative maximum atx =a.

However, if f"(a) =0, the test is inconclusive and f may have a relative
maximum, a relative minimum, or no relative extremum all at x=a.

y4 f'(a)=0 y4 f'(a)=0
f7(a)<0 £7(a)>0
] XL | 2(
a g a g
Relative maximum Relative minimum
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y4 y A
f'(a)=0 f'(a)=0
f7(a)=0 f7(a)=0

| o X | _ X
a g a "
Inflection Point Inflection Point

The behaviou of a graph when the first derivative is zero.

Example 2

Locate the local extrema for the function f (x)= % x® —x*,

Solution
We Find f'(x) and all values x=awhere f’(a)=0.
f(x)=§x3—x4
f'(x)=8x*-4x°
8x?—4x*=0
4x*(2-x)=0

x=0 or x=2
Now, to apply the Second-Derivative Test, we find f”(0)and f"(2).
f”(x)=16x-12x*
f”(0)=16x0-12x0% =0 the test fails.
f”(2)=16x2-12x2* =16, indicating that f has a relative maximum at
8 16

X = 2. This value is f(2):§><23—24 =3

[The First-Derivative Test will show that f increases to the left of x =0 and
to the right of x=0. So x = 0 does not give a local minimum or a local maximum. The
test for concavity will show that a point of inflection occurs at x = 0.]

y
A ]_6
2, —
3 JLocal
maximum
8
f(x)==x*-x"
3
II,IIIII,,Illtx
0,0
Point of
inflection
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Example 3
Use the second derivative test to find the relative maxima and minima of the function

f(x)=2x"+3x*-12x-7.
(Answer: relative minimum point(1, —14) and relative maximum point(—2,13))

Example 4
Find the point of diminishing returns for the sales function

S(x)=-0.02x* +3x* +100

where x represents thousands of dollars spent on advertising, 0 < x <80 and S is
sales in thousands of dollars for automobile tires.

Solution
Find the hypercritical values of x between 0 and 80, and determine whether these
points are points of inflection.

S(x)=-0.02x* +3x +100
S'(x)=-0.06x" +6Xx
$"(x)=-0.12x+6

Setting S"(x)=0gives

-0.12x+6=0
x =50

Testing will show that

S"(x)<0for50<x<80
The point of diminishing returns is at (50,5 (50)) =(50,5100) , where $50,000 is
spent on advertising, and sales in tires are $5,100,000.

S"Exg>0for0< X <50

8 Applications to Business and Economics
Remember that in an inventory problem total cost may include ordering cost (to
cover handling and transportation), storage cost, and purchase cost. Then we get

Total cost=storage cos+ordering cost+purchase cost

Average cost per unit (AC) is the total cost divided by the number of units produced.
Hence, if C (q) denotes the total cost of producing g units of item, the average cost

Cla)
s

We have the relationship between average cost and marginal cost which is stated as
follows:

Suppose AC and MC denote the average cost and marginal cost respectively.Then

AC is decreasing when MC < AC

AC isincreasing when MC > AC

AC has (first-order) critical point (usually relative minimum) when MC = AC
Students are strongley recommended to do mathematical proof for these facts.

per unitis AC(q) =

8.1 Elasticity of Demand
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A convinience measure of sentitivity of demand to changes in price is the percentage
change in demand that is generated by a 1 percent increase in price. If p denotes the price,
q the corresponding number of units demanded, and Ap a (small) change in price, the
approximation formula for percentage change gives

dg/dp)A
Percentage change in q = lOOM

In particula, if the change in p is a 1-percent increase, then Ap = 0.01p and

(da/dp)(0,01p) _pdg

Percentage change in q =100
q dp

The expression on the right-hand side of this approximation is known in economics as the
elasticity demand. In summary,
If g denotes the demand for a commaodity and p its price, the elasticity of demand,

IS given by 7 = B:—q . Itis the percentage change in demand due to a 1 percentage

increase in price.

Example 1
Suppose the demand g and price p for a certain commodity are related by the linear
equationq =240-2p (for 0< p<120).
a. Express the elasticity of demand as a function of p.
b. Calculate the elasticity of demand when the price is p = 100. Inteprete the
answer.
c. Calculate the elasticity of demand when the price is p = 50. Inteprete the
answer.
d. Atwhat price is the elasticity of demand equal to —1?

Solution
a. The elasticity of demand is
=£d_q=£(_2)=_ 2p____ P
qdp ¢ 240-2p  120-p
b. Whenp = 100, the elasticity of demand is

P 100
120-p  120-100
That is, when the price is p = 100, a 1 percent increase in price will produce a
decrease in demand of approximately 5 percent.
c. When p = 50, the elasticity of demand is
L
120-p  120-50
That is, when the price is p = 50, a 1 percent increase in price will produce a
decrease in demand of approximately 0.71 percent.
d. The elasticity of demand will be equal to —1when
b
120-p

n=-

n=-

solving for p to get p=60.
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It means that, at this price ( p = 60), a one-percent increase in price will result in
a decrease in demand of approximately the same percent.

8.2 Levels of Elasicity of Demand
Ingeneral, the elasticity of demand 7 is negative, since demand decreases as price

increases. If |77| >1, the percentage decrease in demand is greater than the percentage

increase in price that caused it. In this situation, economists say that demand is elastic
with respect to price. If |77| <1, the percentage decrease in demand is less than the

percentage increase in price that caused it. In this situation, economists say that
demand is inelastic with respect to price. If |77| =1the percentage changes in price and

demand are equal, the demand is said to be of unit elasticity.

If|| >1, demand is said to be elastic with respect to price.
If |7| <1, demand is said to be inelastic with respect to price.

If |77| =1, demand is said to be unit elasticity with respect to price.

8.3 Elasticity and the Total Revenue
If R denotes the total revenue, p the price per unit, and g the number of units sold (i.e.
the demand), then we can obtain R = pgq.

The level of the elasticity of demand with respect to price gives useful information
about the total revenue obtained from the sale of the product. In particular, if the

demand is inelastic (|77| <1), the total revenue increases as the price increases

(although demand drops). The idea is that, in this case, the relatively small
percentage decrease in demand is offset by the larger percentage increase in price, and
hence the revenue, which is price times demand, increases. If the demand is elastic (

|77| >1), the total revenue dereases as the price increases. In this case, the relatively

large percentage decrease in demand is not offset by the smaller percentage increase
in price. We summary the situation as follows

If demand is inelastic (|77| <1), total revenue increases as price increases.

If demand is elastic (|77| >1), total revenue decreases as price increases.

(The proof is omitted)
Example 2
Suppose the demand q and price pfor a certain commodity are related by the equation
q=300- p?(for0 < p<+/300)
a. Determine where the demand is elastic, inelastic, and of unit elasticity with
respect to price.
b. Use the results of part a. to describe the behavior of the total revenue as a
function of price.
c. Find the total revenue function explicitly and use its first derivative to
determine its intervals of increse and decrease and the price at which revenue
IS maximized.

Solution
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a. The elasticity of demand is
p dg p 2p°
= = —2 = —
1= 3007 2P 300
The demand is of unit elasticity when || =1, that is, when

2p*
300- p?
p® =100
p==10
of which only p=10is in the relevent interval 0 < p <~/300
If 0<p<10
2 2
|77|: 2p < 2x10 1

300- p®> 300-10°
and hence the demand is inelastic.

If 10 < p <+/300

2p? 2x10?
|77| = 77 ;=1
300—-p° 300-10
and hence the demand is elastic.
b. The total revenue is an increasing function of p when demand is inelastic, that

is, on the interval 0 < p <10 and a decreasing function of p when demand is

elastic, that is, on the interval10 < p <+/300 . At the price p = 100f unit

elasticity, the revenue function has a relative maximum.
c. The revenue function is p = pq or

R(p)=p(300-p*)=300p- p’

Its derivative is
R'(p)=300-3p®=3(10- p)(10+ p)
which is zero when p =410, of which only p = 10is in the relevant interval

0< p<+/300.

On the interval 0< p <10, R'( p)is positive and so R( p)is increasing. On the
interval10 < p <~/300, R'(p)is negative and so R( p) is decreasing. At the

critical value p = 10, R( p)stops increasing and starts decreasing and hence
has a relative maximum.

Exercises

1 nanswditiisHgRudswi[my Jsn{gRngRwasiinutts (Differentiate the
following function, do as much computation as possible to simplify the results)

a.y=x"+3x+3 b. f (x)=x*+5x°+x+12

1 1 1 1
y=t4o o d. f(x)=Vx +——
Y=t (X)Jx_wx_s
e. f(x)=(2x+1)(3x-2) f.f(x)=(x"-5)(1-2x*)
g. f(x)=100(2x+1)(1-5x)
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1
h. y=20(4—-x?)(2x+1 i. f ==(x*=2x*+1
y=20(4-x")(2x+1) i. £(X) 5(x X* +1)
. 2x—3
£ (x)==3(55¢ —2x+ 4 K.y=
j. f(x)=-3(5x-2x+4) V=572
3
I f =—
(X) X+3

2 INHEMUUTSHSAEE f (x) 1juielSh x Gunsaiy x SEUTAUCNA (Find the

rate of change of the given function f (x)with respect to x for the prescribed

value of x.)
a. f(x)=x"-3x+5,x=2, b. f(x):\/;+5x x=4
c.f(x):(x2+2)(x+\/§),x:4 (X)) =(x° +3)(5 2x°),x=1
e. f(x)= ?2):(:; x=1 (x):x+ Sy x=0

3 INMgREIUITOt FRaHwisse] tammmsmmﬁmsgﬁtfqmgmﬁﬁ
16916184 C (t) =100t + 400t +5,000 9
f. greinignugmismsdE pitdwissnsianinfnsigiuigisy
IRt
8. IRBNEINANINRTISENA [0 IURHH MUNSE USRI s
Nineise 1812 ifiglinaimeEnuInfianinims 1Rsig)l unhye?

A, 1RigIEIgy snunfannimssiipuunhitninhduiogns?
(It is estimated that t years from now, the circulation of a local newspaper will be
C (t) =100t + 400t +5,000. a/. Derive an expression for the rate at which the

circulation will be changing with respect to time t years from now. b/. At what
rate will the circulation be changing with respect to time 5 years from now? Will
the circulation be increasing or decreasing at that time? c/. By how much will the
circulation actually change during the 6™ year?)

(a/.C'(t) =200t + 400 ,b/.Increasing at the rate of 1,400 per year, c/. 1,500)

4 MIGANANEgMAMANIISHIMSI RIS YW NIuNNgimt thuwjy
nynsEuEn somgnEmishiiueooin Bauyaigmadgs
(%)= —x° +6x° +15x IR X THW UFIU |
A, QUNINMISNEBIMUgIHIMIsSmMIugig iumingnI
TNUNNSHTIREMANIINN X TH1 9

2. iBupNisMIpEshiime001Giuims?

38



Lecture Note Differentiation

A, IRAgAnSRpEUhAtgEnsigjuneii st €00

igliiie0:00hH?

(An efficiency study of the morning shift at a certain factory indicates that an
average worker who arrives on the job at 8:00 A.M. will have assembled

f (x) =—x>+6x*+15x. a/. Derive a formula for the rate at which the worker will

be assembling radios after x hours. b/. At what rate will the worker be assembling
radios at 9:00 A.M.? C/. How many radios will the worker actually assemble
between 9:00 and 10:00 A.M.?)

(al. f'(x)=-3x*+12x+15, b/. 24 Radios per hour, c/.26)

5 INHEM{UUUMATEISHSHEE f (1) =3t - 7t+515UIeiSy tinnt = 2 1 (Find
the percentage rate of change in the function f (t) =3t> - 7t + Swith respect to t
when t=2.

6 INHEMUUUMATEISHSHEE f(x)=x(x+3)* 5jUigish x 10X =3 1 (Find
the percentage rate of change in the function f (x)=x(x+ 3)2with respect to x,
when x = 3.) (Answer: 66.67 percent)

7 insnjAiuthx iBeiiue HMUMRSIUS N wigEh
P(x)=2x+4x¥?+5,000 1
n. R USHeSA [ uRE Uepnnueisenye?

2. 1NN UINESH P IURHHMUDSMARD pinoueisenye?

(It is projected that x months from now, the populatlon of a certain town will be
P( ) =2x+4x¥%+5,000. a/. At what rate will the population be changing with

respect to time 9 months from now? b/. At what percentage rate will the
population be changing with respect to time 9 months from now?)

8  [MABANMIEIRNIVITR YISy & A(t) = 0.1t7 +10t + 20 NSLAN 10500
t FIUSOH mivimeigugioes |
n. IREAIRUBIEIIUIUN EU)s BinRepis pueiEjuisiBunael
gtﬁgﬁ@éé@?
2. IRBAIAUEIFIIUIUNEU)S SRepiE UemATiEjuis
S ieiigEIogeo?

(The gross annual earnings of a certain company were A(t) =0.1t> +10t + 20

thousand dollars t years after its formation in 1987. a/ At what rate were the gross
annual earnings of the company growing with respect to time in 19917 b/. At
what percentage rate were the gross annual earnings of the company growing
with respect to time in 19917 ) (a/. 10,800 people, b/.17.53 percent).
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9

10

11

12

13

MBI AANGENMSTNM D HHIN N x & tOUNFIosEEis! NgutHRYRE m
yijugnete iwmsugim sl piunnuiywRMnf it HeRYS

T (x) = 20x* +40x+ 600 |

aa o

fi. tﬁmStmﬁﬁmgtﬁsmmﬁmmsmjmmsﬁmmtmﬁﬁmgésgv

8. IBNgINYMNE IRsFuHMUMsmAN iujuisisiinm islfigiodeo?

(Records indicate that x years after 1985, the average property tax on a thr'ee-bedroom
home in a certain community was T (x) = 20x” +40x +600. a/. At what rate was the

property tax increasing with respect to time in 1991? b/. At what percentage rate was the
property tax increasing with respect to time in 1991?)
ninganstt ghglyeigfanpmpmtssigudnigwSingieis
P(t)=t*+200t+10,000 -
A naImgpEgwmsdEmitiumamissmphtshagnusist
TSN 9

g. ihisl phininmneleyeigiaE Gt maTTiIssigithunim?

(Itis estimatedlthat t years from now, the population of a certain town will be
P(t) =t? + 200t +10,000. a/. Express the percentage rate of change of the

population as a function of t, simplify this function algebraically, and draw it
graph. b/. What will happen to the percentage rate of change of the population in

the long run?) (a/

20
ercent, b/. 0
T L )

famgsmﬁmgmﬁmlﬁtgmgmtﬁsx@ﬁgﬁHmei 1191 UE1980d Bugsthitiy
16354 OB MSANSEAN NS Klo&EE RUGSHmIUIISHOEEMAMNSEAN 1

tmsﬁt&m@éé@ BEUGSM ﬁjmsmﬁm?gmmﬁ«tmLmﬁmsmmtij? (The gross

natlonal product (GNP) of a certain country is growing at a constant rate. In 1986
the GNP was 125 billion dollars, and in 1988 the GNP was 155 billion dollars. At
what percentage rate was the GNP growing in 1991? ) (Answer: 7.5 percent)

grnR gl IeS U [ {URIURHEAYE f (x) = X* —3x+5 10 x iAshiY 161

&,M 9 (Estimate how much the function f (x) = x> —3x+5will change as x

increases from 5 to 5.3.) (Answer: 2.1)

grnniginieS U I {UIUA HeRYS f (X) =—1—3ﬁjx Buus41813.8 9
i ! X+

(Estimate how much the function f (x)= X 3will change as x decreases

x+1
from 4 t03.8)
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14

15

16

17

18

19

grAn gl istiummAIUaHIAYS f (x) = X* +2x -9 IR X 178N 4
1914.3 4 (Estimate the percentage change in the function f (x) = x> +2x-9as x
increases from 4 t0 4.3.)
A o A o0 o ’ [ 2 =l
gﬁﬁﬁtEi‘[Jﬁi”LﬂFUISijﬁﬁimﬁ”lmﬁitﬁiﬁﬁjHSﬁﬁS f (X) =3X+— 1610 X BLIHS65
w 1 X 1

161 4.6 1 (Estimate the percentage change in the function f (x)= 3x+gas X
X

decreases from 5 to 4.6.)

IBiR U UIURRURATING RC(q) = 0.19° —0.5¢2 +500q + 200 Zanisitnaitn

RINRORNYIGSH g DAMm 1 AInsIgIUARERRgRCRRMIMURERRTNS ey
uifsdimsc.onnm 1 éans yinaiginmisduidinuuaigdvam 1 (A

manufacturer’s total cost is C(q)=0.19° —0.5q” + 5000 + 200 dollars when the

level of production is g units. The current level of production is 4 units, and the
manufacturer is planning to increase this to 4.1 units. Estimate how the total cost
will change as a result.) (Answer: $50.08)

IHINkgRtt Figiveigin tmtimfﬁSﬁﬂim%msgﬁmjﬁﬁmﬁﬂﬂﬁtmﬁj

C (t)=100t* + 400t + 5,000 9
mnigplnwistimanfuiissnemiannfnsgusuns isugd 1 iansh:
ﬁ?gmgﬁsmmﬁ t =0 9 (Itis projected that t years from now, the circulation of a

local newspaper will be C (t) =100t* + 400t +5,000. Estimate the amount by

which the circulation will increase during the next 16 months. (Hint: the current
value of the variable ist =0). (Answer: 200)

mIG AN SIS pliE B8y MSHIgIHS Nt SNinuiseigiye
RINtuL]uis MusH)HEmelnuewigsl Q(t) = 0.05t2 + 0.1t + 3.4 MA
puymanema 1 ihisinufuhd leemye finmyssnganaastpuuin

{;ig”ls‘? (An environmental study of a certain community suggests that t years

from now, the average level of carbon monoxide in the air will be
Q(t)=0.05t* +0.1t + 3.4 parts per million. By approximately how much will the

carbon monoxide level change during the coming 6 months? ) (Answer: 0.05
parts per million)

MIGHNIB IRigMOMANI IS SNU M IINUS I YWNsuaNAD hyy]y
AYATEU BRI SNEMISINNG:0081{UYMIS] ™S f (x) = —x° +6x° +15x

IO X TTMUDY 1 IRRERnN U YA ms it nsnsIRntei
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20

21

22

23

8:00 841 6:9¥? (An efficiency study of the morning shift at a certain factory

indicates that an average worker who arrives on the job at 8:00 A.M. will have
assembled f (x) =—x>+6x* +15xradios x hours later. Approximately how many

radios with the worker assemble between 9:00 and 9:15 A.M?)

IginmnE Y SRR WIS Q (k) = 600kY? anm tawk mufiEtme
YIES AHtRRMO0008AN 1 TRILNAYHSEIZ 11d5H £000008MN 1 FINSHNS
AnRgnnignisiunaywEsuigy Sg8600saN SHMSigiBRERRMUIEITE 1 (At

a certain factory, the daily output is Q (k)= 600k** units, where k denotes the
capital investment measured in units of $ 1,000. The current capital investment is

$900,000. Estimate the effect that an additional capital investment of $800 will
have on the daily output.) (Answer: 8 units)

ISipnUGE Y SUARLPEIEAQ(L) = 60,0001 nrm iBwL mug]éul
Aoinmny Batioingns 1 §oiss fulununysgseooottinyi
minsBmamiiunmiy 1 yitsans GaGoansitnlnnyituiRnigy
WRIMOURY [HIMAUSWBHIS] £C0THMNYMI. (At a certain factory, the daily

output is Q(L )= 60,000L"* units, where L denotes the size of the labor force

measured in worker-hours. Currently 1000 worker-hours of labor are use each
day. Estimate the effect on output that will be produced if the labor force is cut to
940 worker-hours.)

isipmnus Ry soasuEigtanmwagas’Q = 3,000K L7 anm taw
k SUgjIRINAYGSIVA [FETSIBURRTNAMO0008AN 1ty L migjéul
RO RRMIINAEAT 1 gUSI SINAYUESEIgRC000008AN 1w
Alunmnysgs ommo iswnyns [Hineimanaiy 1 snPmidmasitan
B MsnsANsgnuin TSuNAYUEsUigE0008aAN SHINSIGHBRLHR
WEIs Iﬁétﬁﬁﬂﬁmmﬁgcﬁ‘@?ﬁii‘gi 1 (At a certain factory, the daily output is

Q =3,000K “21* where K denotes the firm’s capital investment measured in

units of $1,000 and L denotes the size of the labor force measured in worker-
hours. Suppose that the current capital investment is $400,000 and that 1,331
worker-hours of labor are used each day. Use marginal analysis to estimate the
effect that an additional capital investment of $1,000 will have on the daily
output if the size of the labor force is not changed. )( Answer: 825).

mbasmUEligsinnusREwsANamQ (L) =300L*° nrm tEmL misdjéif

AlnuREiBURRTIEMRYRT Y UEYjgIss AuiMnuRyEoBImEims
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24

25

26

27

DN 1 grnsanag? Aulnunguigsizuinmimindgiuistunty

[UigRYUATHL2.5 DEN 9 (The daily output at a certain factory isQ(L)=300L**

units, where L denotes the size of the labor force measured in worker-hours.
Currently 512 worker-hours of labor are used each day. Estimate the number or
additional worker-hours of labor that will be needed to increase daily output by
12.5 units.) (Answer: 0.5)

ipiduanlanmAtaniithuHeRYS C(q) = %q3 +642q + 400 181053 ERIq

DRMHIMenwn 1 fInsIg Y IeRGHnYIgEN4 DR 1 GIMSaNegiviman
RUmiEuRURRIRIMAUg HEMAUgWIgity 130$ 1 (A manufacturer’s total

costis C (q) = %q3 + 6420+ 400dollars when g units are produced. The current

level of production is 4 units. Estimate the amount by which the manufacturer
should decrease production to reduce the total cost by $130.)

mufANSENMSuINAt x HUNTNFoLRE NSIBRYRNghYL]Y 1g1IbRsiL
#SUSUY 1sintwnAEE g RANSIENWT (x) = 60x72 + 40 +1,200 BAN 4

MsansgifiafisngthmanpufnusnuGoiagio&eh Y(Records indicate that

X years after 1988, the averaée property tax on a three-bedroom home in a certain
community was T (x) =60x¥% + 40x +1,200 dollars. Estimate the percentage by

which the property tax increased during the first half of 1992.) (Answer: 6)
mebanmisipnnuEYwR Q(K)=400KY* nrm 8w K mufyunsisims

URIETe 1 nsgifinfsthmaisslnsn iumhugnuismnfisidy

QMBI HUHESISILN 1 (The output at a certain factory is Q (K ) = 400K

units, where K denotes the firm’s capital investment. Estimate the percentage
increase in output that will result from a 1 percent increase in capital
investment.)(Answer: 0.5 percent)

B ABUIBMNEG[FEUAMNANW H#FAYEQ = 600K VLY ifim I K misg]
HSTSImE wiw L mugjéuitniunmny minsansfinnshmantnistlatm

IR ARG AN S IANSEMATD IV AMNUR I DISIAYESE UYL 9

(The output at a certain factory is Q = 600K *?L*where K denotes the capital

investment and L the size of the labor force. Estimate the percentage increase in
output that will result from 2 percent increase in the size of the labor force if
capital investment is not changed.) (Answer: 0.67 percent)
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28 igimnnimsigw sdaswpligh Q(K)=1200K"* orm B K mudfisina
YUHSIUAETS 1 DsansfifsthmansisiSunaymussigugim: Bdjunls

REBEITA 1.2 MET 9 (At a certain factory, the daily output is Q(K)=1,200K"?

units, where K denotes the firm’s capital investment. Estimate the percentage
increase in capital investment that is needed to produce a 1.2 percent increase in
output.)

29  guERigiRumIuRThEIBMIRGHg DRMAEC (q) =397 +q+500 9
i, iEmidme Sinanm Hgnsansigiduuiminiwnnnma 4l 9

2. HANIZIBEMATaNITMIBGRIAME4L 9

(Suppose the total cost in dollars of manufacturing g units is
C(9)=39°+q+500. a/. Use marginal analysis to estimate the cost of

manufacturing the 41th unit. b/. Compute the actual cost of manufacturing the
41th.)

30 ipidumIuIuARARIIAGANGIIWC (q) = 0.1g° —0.502 +500q + 200 H6N
i thigs DAL [HINws |
. ipmitmamtanm fg s iiRygumIndnnms ¢ |
2. HANMIE IBuhATRHGMIBUHRRMEE 9

(A manufacturer’s total cost is C (q) =0.19° —0.59% +500q + 200 dollars, where

q is the number of units produced. a/. Use marginal analysis to estimate the cost
of manufacturing the 4™ unit. b/. Compute the actual cost of manufacturing the

4™ ynit.)
31 Use the chain rule to compute the derivative %and simplify your answer.
ay=u’+Lu=3x-2 b.y=2u"-u+5u=1-x

c.y=+u,u=x*+2x-3 d. yziz,u:x2+l
u

e.y:%,u:xz—g f. y:uz,u:é

32 Differentiate the following function

a/.f(x):ﬁ b/.f(x)zﬁ C/'f(x)=(1+\/3_x)5

33 (MABAYMUEIRIMIUISHUTSYWH f (t)=V10t2 +t+236 MAKAN AHIDINUL
® 1t miviisgl piteunng1988 4
i, imeiphisunng) 1992 mAdnpewiy wa{shssinfsyy apnima?
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34

35

e. imgiptisynng) 1992 AdaNuwIY wEHvHssnRssuapmins
MR

(The gross annual earnings of a certain company were f (t) =/10t* +t + 236

thousand dollars t years after its formation in January 1988. a/. At what rate were
the gross annual earnings of the company growing in January 1992? b/. At what
percentage rate were the gross annual earnings growing in January 19927 (a/.
$2,025 per year, b/.10.125 percent per year.)

R R R R R S R
BEjunyRnEUERTURigEminiglitg:oo SuRlnns
Q(t)=—t>+8t* +15t
nrEmIgit IMUNT 4
fi. BANNHPNBLHA YIS IvMnYHISiio &:00(0n
8. IRUHMUNSEUH ERGan YU gR P guEfuisisung
1511 ENiIE: 000 4
fi. %ﬂéfgwsétﬁﬁ‘fsﬁgm?sﬁlmﬁﬁjﬁﬁgmﬁﬁﬁgﬁnmgﬁmgnsﬁtﬁmé:oo
iglitig: o 4
w.aséidiiiiueiigiiss ednnyuangnnsipuunshiemg: 00

1GITEY &: o 4
(An efficiency study of the morning shift at a certain factory indicates that an
average worker who arrives on the job at 8:00AM. Will have produced
Q(t) = —t*+8t> +15t units t hours later. a/. Compute the worker’s rate of

production at 9:00A.M. b/. At what rate is the worker’s rate of production
changing with respect to time at 9:00A.M? c¢/.Use calculus to estimate the change
in the worker’s rate of production between 9:00 and 9:15A.M. d/. Compute the
actual change in the worker’s rate of production between 9:00 and 9:15A.M.)

Suppose the total cost in dollars of manufacturing q units of a certain commodity

is C(q)=3q" +5q+75.

a. At what level of production is the average cost per unit the smallest?
b. At what level of production is the average cost per unit equal to the
marginal cost?

qunRigiduRnehganBminids qurmisyedBmywingicC (q) =39° +5q +75
fi. InRIARARY QI UMSiuiGaHsAuStAM Y G uRYonAm FuigH?

g. InNInRHNY qIUNeISUHSHBESIMW BE BN NRMIOSHIBEEIMNNe?
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36

37

38

39

40

The problem is the same as that in problem 35 for C (q) =0’ +50+162 .ttjsgfs

ritme@35timsssnuaC (q) =g + 50 +162

Suppose the total revenue in dollars from the sale of g units of a certain
commodity is R(q)=-29* +68q 128

a. At what level of sales is the average revenue per unit equal to the marginal
revenue?

b. Verify that the average revenue is increasing if the level of sales is less
than the level in part a. and decreasing if the level of sales is greater than
the level in part a.

qUINEANUIIURRMENNMILAESMyw uiAesgsqaRmAnnGEh
R(q)=-2q" +68q-128 4 fi. iiiimanismiunigsuggsanm iGunsnustagm

~

puonnmigigisutnIumNe? sgntjumihrgnsdtuu sy EReURinemIuAYs

mﬁfﬁﬁfﬁmmsmﬁrﬂgaﬁﬁw 1. i thHgAuSsAEE]Es 1T Ainisminds thi
AiniBmeIimahainng f. 4

Assume that total lnational consumption is given by a function C (x)where X IS
the total national income. The derivative C’(x) is called the marginal
propensity to consume, and if S = x —C represents total national savings, then
S'(x) is called the marginal propensity to save. Suppose the consumption

functionis C (x) =8+0.8x+0.8v/X . Find the marginal prpensity to consume and
determine the value of x that results in the smallest total savings.

Suppose that the demand equation for a certain commodity is q =60—0.1p (for
0< p<600).

a. Express the elasticity of demand as a function of p.

b. Calculate the elasticity of demand when the price is p = 200. Interpret the

answer.
c. At what price is the elasticity of demand equal to—1?

guIthanBmisgimivedsmupiAsianiw g = 60— 0.1p (Fume 0< p <600 9
fi. GIETITTIGNEIHGNGEisH[EimIThHenuESkp 1 e.AAnsnrHgNAEistEimrsln

i8I p = 200 juunEnwsIgnr 1 . 151G UG uIHgNGsisn{YImig-1°2

Suppose that the demand equation for a certain commodity is ¢ = 200 — 2 p? (for
0< p<10).

a. Express the elasticity of demand as a function of p.

b. Calculate the elasticity of demand when the price is p=6. Interpret the

answer.
c. At what price is the elasticity of demand equal to—1?
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41

42

43

quMtaEmIngimiisyessmuwmasinndih g = 200-2p” (§uns0 < p<10) 4
fi. GIRTIROITIGNYIHGNIEISH[EimIThESnuESp 4 8. nANSHHENGLISH{YIMI 08

p=6 JEURENUGHN Y A, T iGGUSGUIHGNGu ISR [YimT 1319180 —12

Suppose that the demand equation for a certain commodity is q=500—-2p (for
0< p<250).

a. Determine where the demand is elastic, inelastic, and of unit elasticity with
respect to price.

b. Use the results from part a. to determine the intervals of increase and
decrease of the revenue function and the price at which revenue is
maximized.

c. Find the total revenue function explicitly and use its first derivative to
determine its intervals of increase and decrease and price at which revenue
IS maximized.

quMtEMIngIimiisyessmummaetinndhu g =500 - 2p (Eime0 < p<250) 9

o

AeiAseitisinnme S{EImImemnHgNs BIHGNUS SMHGNOEIRMIG]Y

1gIENig Y es{iwgnuiudsnm. srunEeituEstuimAtaguiRedh  Sustys

1

o

Lmigﬁg mmtﬁéjﬁgﬁﬁémﬁﬁngmmsa?gﬁ%mm 9 i ’l;jﬁﬁﬁslﬁélmﬁﬁngﬂjmfitmtﬁ
tgn  guiinfhiGomh@ijmmmeisnifs Sus  muenigitmiGaugnuimg
HEUD

Suppose that the demand equation for a certain commodity is q =120-0.1p* for

(0< p<4/1,200)

a. Determine where the demand is elastic, inelastic, and of unit elasticity with
respect to price.

b. Use the results of part a. to determine the intervals of increase and
decrease of the revenue function and the price at which revenue is
maximized.

c. Find the total revenue function explicitly and use its first derivative to
determine its intervals of increase and decrease and the price at which

revenue is maximized. gunthaSmisigimisyedsmuwmastinndih

q=120—-0.1p% (ins0 < p <+/1,200 ) 4

o

AEIAsI@sBuIsinnme AlEimmemmuEgNas BRGNS SmHgnATIRMIG{U

<%
1

1g184igY sipugnuIuaan. snnseitungnusmAtauiRsidil Budwss
wedliy iemiEguenuimAtagumsnigaiuing A yunngei AT

u

o

tgrn  uiiehiSommh@dfinmgsitwinfs Sy puslnigitanGlugnuims

HRUW 9

Suppose the demand q and price p for a certain commodity are related by the
equation p=60-2qgfor (0<q<30)
a. Express the elasticity of demand as a function of q.
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b. Calculate the elasticity of demand whenq =10. Interpret the answer.

c. Substitute for g in the formula in part a. to express the elasticity of demand
as a function of p.

d. Use our original definition of 7to express the elasticity of demand as a
function of p. guth si{gimi q S1i§ pisyedBmywmAsReHmMMuIw:
fEmI p=60-2q (Gins 0<q<30) ¥ fi. GIETAINHGNDHISH{EIMIm
HeryAigiSt p 4 8. nansnsgnGuisn{yimushinaitng =10 JuRENw
w1 . IWMINggiSigRjuEg A, BIRNISNYIHGNABISH{EIMIth
ngnudigifip 1 w. gn{DswulumBuiug » Bfunumspyingndsis

agimithusaesiap |
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Lecture Note Function of Two Variables

Chapter 3

Functions of Two Variables

1 Functions of Two Variables

A function f of the two variables X and Yy is a rule that assigns to each
ordered pair (x, y) of real numbers in some set one and only one real number

denoted by f (X, y).

The Domain of a Function of Two Variables
The domain of the function f (X,y) is the set of all ordered pairs (X, y)of real

numbers for which f (X, y) can be evaluated.

Example 1
For f(x,y)=3x+y’. Finda. f(2,3),b. (2,42}
Solution

a. £(2,3)=3x2+3*=15

b. f(2.42)=3x2+(42) =8
Example 2
For f (X,y) = e’ +Iny. Find a. the domain of f. b. f (0,1)
Solution

a. For \/; to be defined, we must have x > 0 . For Iny to be defined, we must
have y>0. So the domain is {(X,y)/x>0and y > 0}
b. f(0,)=e" +Inl=e’+0=1
Example 3
3x° +5y
X=y

Suppose f (X, y) = . a. Find the domain of f. b. Compute f (1,-2).

Example 4
A pharmacy sells two brands of aspirin. Brand A sells for $1.25 per bottle and Brand
B sells for $1.50 per bottle.
a. What is the revenue function for aspirin?
b. What is the revenue for aspirin if 100 bottles of Brand A and 150 bottles B
are sold?
Solution
a. Let X= the number of bottles of Brand A sold and y= the number of
bottles of Brand B sold.Then, the revenue function is

R(x,y)=125x+1.50y
b. R(lOO,lSO)=1.25><100+1.50><150:125+225 =350
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Economists use a formula called the Cobb-Douglas Production Functions to model
the production levels of a company (or a country). Output Q at a factory is often
regarded as a function of the amount K of capital investment and the size L of the
labor force. Output functions of the form

Q(K,L)= AK“L"
where A and a are positive constants and 0 < & <1have proved to be especially

useful in economic analysis. Such functions are known as Cobb-Douglas production
function.

Example 5
Suppose that the function Q (X, y) =500x"’y"’ represents the number of units

produced by a company with X units of labor and Yy units of capital.
a. How many units of a product will be manufactured if 300 units of labor and
50 units of capital are used?
b. How many units will be produced if twice the number of units of labor and
capital are used?
Solution

a. Q(300,50) =500(300)"" (50)"" =500x5.535x15.462 = 42,791 units

b. If number of units of labor and capital are both doubled, then
X=2x300=600and y=2x50=100

Q(600,100) = 500(600)" (100)"” =500 6.815x 25.119 = 85,592 units
Thus we see that production is doubled if both labor and capital are doubled.

2 Partial Derivatives
Definition
Let z=f(X,y)
a. The first parital derivative of f with respect to X is:

oz _ £ (oY) lim f(x+Ax,y)-f(xy)
OX Ax—0 AX

b. The first partial derivative of f with respectto y is:
f Ay)— f
%:f (x,y)=lim (xy+ay)-f(xy)
ay y Ay—0 Ay

2.1 Computation of Partial Derivatives

.oz . . . oy . .
The function = or f is obtained by differentiating f with respect to X, treating y as a
X

constant.
.oz . . . - . .
The function — or f, is obtained by differentiating f with respect to y, treating X as a

constant.

Example 1

For the function f (X, y)=4x*-3xy+5y?, find % and% ?
X

Solution
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Treating y as a constant, we obtain
674

—=8x-3
OX y
Treating X as a constant, we obtain
a =-3x+10y
oy

Example 2

Find the partial derivatives f and f if f (X,y)=x*+2xy’ +? .
X

Example 3
For the function f (x,y)=xe” +y?, find f, (1,2) and f (1,2).

Solution

w O 0 [/ « 0
f.(xy)=e y&(x)+x&(e y)+&(y2)

=e” +xye¥ +0
=e"(1+Xxy)
Now we evaluate f,(1,2), f (1,2)=e"*(1+1x2) =3¢’

f (X y)=xxxe” +2y=x%"+2y
Now we evaluate f, (1,2), f (1,2)=1°xe"* +2x2=¢’+4

Example 4
Suppose that the production function Q(X,y)=2000x""y** is known. Determine the

marginal productivity of labor and the marginal productivity of capital when 16 units
of labor and 144 units of capital are used.

Solution

Q ~0.5,,0.5 1000y0'5
—=2000(0.5)x —
2y -1
0.5
@ = 2000(0.5) X0Sy03 — 100(32(
Yo

Substituting X =16 and y =144, we obtain

Q| _1000044)* 1000x12 o
OX (16,144) (16)0'5

and  OQ|  _1000(16)"" _1000x4 _ 2555 u
N oy (144 12

Thus we see that adding one unit of labor will increase production by about 3000
units and adding one unit of capital will increase production by about 333 units.

Example 5

It is estimated that the weekly output at a certain plant is given by the function
Q(X,y)=1,200x+500y + X’y — x> — y* units, where X is the number of skilled
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workers and y the number of unskilled workers employed at the plant. Currently the
work force consists of 30 skilled workers, and 60 unskilled workers. Use maginal
analysis to estimate the change in the weekly output that will reslt from the addition
of 1 more skilled worker if the number of unskilled workers is not changed.

(Answer: Q, (30,60) = 2,100 units.)

2.2 Second-Order Partial Derivatives

Ifz = f (x,y), the partial derivative of f, with respect to X is:

0’z ooz
fo=(f)orli-2|&
X (X)Xorax2 ax(ax)

The partial derivative of f, with respect toy is

2

£ =(f,)or o’z 22(62
Y oyox oy\ ox

The partial derivative of f, with respect to X is
2

f,, :(fy) Orﬂzi o

X oXoy oOx\oy

The partial derivative of f with respecttoy is

f =1 or ﬂ = i[@j
yy yy 8y2 ay 8y
Example 6

Compute the four second-order partial derivatives of the function
f(Xy)=xy’+5xy> +2x+1.

Solution
Since f, =y’ +5y” +2, it follows that f, =0and f, =3y*+10y. Since

f, =3xy? +10xy, it follows that f =3y +10yand f_ =6xy+10x.

Example 7
Find all four second partial derivatives of f (X,y)= ln(x2 + 4y) , then find f, (2,1/2).

Solution
We must find the first partial derivatives f, and f before we can find the second

partial derivatives.

f, = X2X = 22X
X? +4y X" +4y
fy= ! x4 = 24
X2 +4y X" +4y

(X +4y)x2-2xx2x x4 8y
(x2+4y)2 _(x2+4y)2

XX
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(X dy)x0-2xx4 gy
Y (x2+4y)2 (x2+4y)2
(K dy)x0-4x2x gy
" (x2+4y)2 (x2+4y)2
_(X2+4y)><0—4><4_ -16
” (x2+4y)2 (x2+4y)2
_2X22+8(;j_ 8+4 4 1

f“(z’ﬂ: ( 1)2 C(4+2) 36 9

2% +4x—
2

Example 8

Suppose the output Q at a factory depends on the amount K of capital invested in the
plant and equipment and also on the size L of the labor force, measured in worker-
hours. Give an economic interpretation of the sign of the second-order partial

o’Q

L

derivative

Solution
2

If 0 B is negative, the marginal product of labor Z—(E decreases as L increases. This
implies that for a fixed level of capital investment, the effect on output of the addition
of 1worker-hour of labor is greater when the work force is small than when the work
force is large.
0°Q

oL’

Similarly, if is positive, it follows that for a fixed level of capital investment, the

effect on output of the addition of 1 worker-hour of labor is greater when the work
force is larger than when it is small.

Remark The two partial derivatives f_and f  are sometimes called the mixed
second-order partial derivatives of fand f,, = f .

3 The Chain Rule; Approximation by the Total Differential
3.1 Chain Rule for Partial Derivatives
Recall that if 7 is a differentiable function of X and X is a differentiable function of't,
then z can be regarded as a differentiable function of t and the rate of change of z with
respect to t is given by the chain rule

dz dzdx

dt dxdt
Here is the corresponding rule for functions of two variables.
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Suppose z is a function of X and Y, each of which is a function of t then z can
be regarded as a function of t and
d2_ oz dx oz dy

dt oxdt oy dt

Remark 1

oz dx )

>t =rate of change of z with respect to t for fixed y.

X

oz dy .

>t =rate of change of zZ with respect to t for fixed X.
Example 1

Find%if Z=X"+3xy,x=2t+l,and y=t>.

Solution
By the chain rule,
de_cede oz dy
dt oxdt oy dt
Which you can rewrite in terms of t by substituting x = 2t +land y =t’to get

% =42t +1)+6t* +3(2t +1)(2t) = 18t> +14t +4

=(2x+3y)x2+3xx2t

Example 2

A health store carries two kinds of multiple vitamins, Brand A and Brand B. Sales
figures indicate that if Brand A is sold for X dollars per bottle and Brand B for y
dollars per bottle, the demand for Brand A will be

Q(X, y) =300-20x +30Y bottles per month

It is estimated that t months from now the price of Brand A will be
X =2+0.05t dollars per bottle

and the price of Brand B will be
y=2+0. It dollars per bottle

At what rate will the demand for Brand A be changing with respect to time 4 months
from now?

Solution

Your goal is to find C:j—? when t =4. Using the chain rule, you get
dQ _oQdx dQdy
dt ox dt oy dt
=—40x(0.05)+30(0.05t )

whent =4, Xx=2+0.05x4=2.2
and hence,

d—Q =—40x2.2x0.05+30x0.05x0.5=-3.65

dt
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That is, 4 months from now the monthly demand for Brand A will be decreasing at
the rate of 3.65 bottles per month.

3.2 The Total differential
Recall from chapter 2 that if'y is a function of X,

dy
AY = — AX
y dx

where Ax is a small change in the variable X and Ay is the corresponding change in the
function y.The expression dy = ﬂ AX that was used to approximate Ay was called the
X

differential of y. Here is the analogous approximation formula for functions of two
variables.

Approximation Formula
Suppose z is a function of X and y. If Ax denotes a small change in X and Ay a

small change in Yy, the corresponding change in z is

Az = a—ZAx+gAy

OX oy

Remark 2

%AX = change in z due to the change in x for fixed y.
X

%Ay =change in z due to the change in Yy for fixed X.

The Total Differential
If z is a function of X and y, the total differential of z is

dz :QAX+@Ay

OX oy

Example 3
At a certain factory, the daily output is Q = 60K "L units, where K denotes the

capital investment measured in units of $1,000 and L the size of the labor force
measured in worker-hours. The current capital investment is $ 900,000 and 1,000 and
labor are used each day. Estimate the change in output that will result if capital
investment is increased by $1,000 and labor is increased by 2 worker-hours.

Solution
Apply the approximation formula with K=900, L=1000, AK =1,and AL =2 to get

70 =22 Ak + QAL
oK oL
=30K 2 "*AK + 20K 2L AL

=30x L x10x1+20x30x L x 2
30 100

= 22 units
That is, output will increase by approximately 22 units.
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3.3 Approximation of Percentage Change

The percentage change of a quantity expresses the change in the quantity as a
percentage of its size prior to the change. In perticular,

change in quantity

Percentage change =100— -
size of quantity

Approximation of Percentage Change
Suppose z is a function of X and y. If Ax denotes a small change in X and Ay

a small change in y , the corresponding percentage change in z is

Az ZZ AX + a Ay
Percentage change in z=100—= 100&
z z

Example 4
Use calculus to approximate the percentage by which the volume of a cylinder
increases if the radius increases by 1 percent and the height increases by 2 percent.

Solution
The volume of a cylinder is given by the function V (r,h) = zr*h, where r is the

radius and h the height. The fact that r increases by 1 percent means that Ar =0.01r
and the fact that h increases by 2 percent means that Ah = 0.02h. By the
approximation formula for percentage change

ﬂAr+%Ah

Percentage change inV =100 or ch

27rh(0.01r)+ 7zr*(0.02h)
zr’h
0.027r*h+0.027r%h
zrh
0.047r%h

=100——— =4 percent
zr’h P

=100

=100

Example 5
At a certain factory, output is given by the Cobb-Douglas production function

Q(K,L)=AK“L™, where A and « are positive constants with 0 < & <1, and where

K denotes the capital investment and L the size of the labor force. Use calculus to
estiamate the percentage by which output will change if both capital and labor are
increased by 1 percent. (Answer: 1%)

4 Relative Maxima and Minima
In geometric terms, a relative maximimum of a function f (X, y)is a peak, a point on

the surface z= f (X, y) that is higher than any nearby point on the surface. A relative

minimum is the bottom of a valley, a point that is lower than any nearby point on the
surface.

56



Lecture Note Function of Two Variables

Critical Points and Relative Extrema
A point(a,b)in the domain of f (X, y)for which both f, (a,b)=0 and
f,(a,b)=0is said to be a critical point of f.

If the first-order partial derivatives of f are defined at all points in some
region in the Xy-plane, then the relative extrema of f in the region can occur
only at critical points.

However, not every critical point is a relative maximum or a relative minimum. A
critical point that is neither a relative maximum nor a relative minimum is called a
saddle point. The below procedure involving second-order partial derivatives is used
to decide whether a given critical point is a relative maximum, a relative minimum, or
a saddle point.

The second Partials Test
Suppose that f (@,b)is a critical point of the function f (x,y). Let

D=f, (ab)f,(ab)-[f,(ab)]
IfD <0, then f has a saddle point at(a,b)
IfD >0, and f, (a,b) <0, then f has a relative maximum at(a,b).
IfD >0, and f, (a,b)>0, then f has a relative minimum at(a,b).

If D =0, then test is inconclusive and f may have either a relative extremum
or a saddle point at(a,b).

Example 1
Classify the critical point of the function f (x,y)=x*+y’.
(Answer: The critical point (0,0)is the relative minimum.)
Example 2
Classify the critical point of the function f (X,y)=y* —x’.
(Answer: The saddle point(0,0))

Example 3
Find all the local minima, local maxima, and saddle points for the function

f(xy)=x—xy+y’—9x+5

Solution
Find the first partial derivatives fy and fy.
f(xy)=2x-y-9 and f (x,y)=-x+2y
Now, to find any critical point, solve the following system.
2Xx—-y-9=0
=>X=6,y=3
—-X+2y=0
The only critical point is (6,3).
The second partials are
f(%y)=2,f,(xy)=-1 and f (xy)=2
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In this case each of the second partials is a constant and will have that constant value
at(6,3). Thus,

D=f,(6.3)f,(6.3)-[ f,(63)]
=2x2—(~1) =4-1=3>0
Since D >0, we check the sign of f,, (6,3)to determine whether (6,3)yields a local
minimum or a local maximum. And since f,, (6,2)=2>0, the critical point (6,3)

yields a local minimum value. This value is f (6,3) = 6" —6x3+3° -9x6+5=-22

Example 4

A company produces and sells two styles of umbrellas. One style sells for $20 each
and the other sells for $25 each. The company has determined that if X thousand of the
first style and y thousand of the second style are produced, then the total cost in
thousands of dollars is given by the function

C(x, y):3x2—3xy+%y2 +32X—-29y+70

How many of each style of umbrella should the company produce and sell in order to
maximize profit?

Solution

Since x thousand umbrellas sell for $20 each and y thousand umbrellas sell for $25
each, the revenue function (in thousands of dollars) is given by R(x, y) =20x+25y

Thus the profit function is
P(xy)=R(xy)=-C(xY)
=20x+25y—(3x* =3xy +3y* +32x—29y +70)
=-3x> +3xy—2y* —12x+ 54y - 70
The first partial derivatives are
P, =—-6X+3y—12 and P, =3x-3y+54
Now solve the following system of equations.
—6X+3y—-12=0
{ 3x-3y+54=0
The company will make the maximum profit if it produces and sells 14,000 of the first

style of umbrella and 32,000 of the second style. (The student can verify (with the D-
Test) that the profit is indeed a maximum at (14, 32).)

= X=14,y=32

Example 5

The only grocery store in a small rural community carries two brands of frozen orange
juice, a local brand that it obtains at the cost of 30 cents per can and a well-known
national brand that it obtains at the cost of 40 cents per can. The grocer estimates that
if the local brand is sold for X cents per can and the national brand for y cents per can,
approximately 70 —5X+4y cans of the local brand and 80+ 6Xx—7Y cans of the
national brand will be sold each day. How should the grocer price each brand to
maximize the profit from the sale of the juice? (Assume that the absolute maximum

and the relative maximum of the profit function are the same.)
(Answer: X=53,y=55)
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5  Lagrange Multipliers

5.1 Contrained Optimization Problems

In many applied problems, a function of two variables is to be optimized subject to a
restriction or constraint on the varaibles. For, example, an editor constrained to stay
within a fixed budget of $60,000, may wish to decide how to divide this money
between development and promotion in order to maximize the future sales of a new
book. If x denotes the amount of money allocated to development, y the amount

allocated to promotion, and f (X, y) the corresponding number of books that will be
sold, the editor would like to maximize the sales function f (X, y) subject to the

budgetary constraint that X+ Yy = 60,000. To deal with this problem, we use a
technique called the method of Lagrange multipliers.

The Method of Lagrange Multipliers
Suppose f(x,y) and g(x, y)are functions whose first-order-partial

derivatives exist. To find the relative maximum and relative minimum of
f (X, y)subject to the constraint thatg (X, y) =K for some constant K,

introduce a new variable A (the Greek letter lambda) and solve the following
three equations simultaneously:

fx(X’ y) =/OLgx(Xr y
f,(x.y)=29,(xy)
g(xy)=K

The desired relative extrema will be found among the resulting points ( X, y) .

Example 1
Find the maximum and minimum values of the function f (X, y) = XY subject to the

constraint X> +y* =8,

Solution
Let g(x,y)=x*+y’and use the partial derivatives

fo=vy, f, =% 9,=2x,and g, =2y
to get the three Lagragnge equations

y=2AX, X=2A4y, andx* +y> =8
The first two equations can be rewritten as

21=Yand 22=2

X y
which implies that
Y _X oy y’
Xy

Now substitute x> = y*into the third equation to get
2x* =8 or x=+2
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Ifx =2, it follows from the equation x> = y*thaty =2 ory=-2. Similarly, ifx=-2,
it follows that y =2 or y =—-2. Hence, the four points at which the constrained
extrema can occur are(2,2),(2,-2),(-2,2),and (-2,—2). Since

f (2,2) =f (—2,—2) =4 and f (2,—2) =f (—2,2) =—4
it follows that when X* + y* =8, the maximum value of f (X, y) is 4, which occurs at
the points (2, 2) and (—2, - 2) and the minimum value is—4which occurs at(2,—2)
and (=2, 2).

Example2
An editor has been allocated $60,000 to spend on the development and promotion of a
new book. It is estimated that if X thousand dollars is spent on development and y

thousand on promotion, approximately f (X, y) =20x7*y copies of the book will be

sold. How much money should the editor allocate to development and how much to
promotion in order to maximize sales?

Solution:
The goal is to maximize the function f (X, y) =20x7*y subject to the constraint

g(x,y)=60, where g(x,y)=x+y. The corresponding Lagrange equations are

f =10, 30x"?y =4, (1)
f,=29, =120 =2, (2)
g(x,y)=K Xx+y=60, (3)
From (1) and (2) you get
30x"2y = 20x¥?
y=2x
3

Substituting this expression into the (3) you get
X+§X=6O or EX:60
2 2
From which it follows that
X=36andy =24
That is, to maximize sales, the editor should spend $36,000 on development and $
24,000 on promotion. If this is done, approximately f (36, 24) =103,680 copies of the

book will be sold.

Example 3

A consummer has $600 to spend on two commodities, the first of which costs $20 per
unit and the second $30 per unit. Suppose that the utility derived by the consumer
from X units of the first commodity and y units of the second commodity is given by

the Cobb-Douglas utility functionU (x,y)=10x"°y"*. How many units of each
commodity should the consumer buy to maximize utility? (A utility function
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U (X, y) measures the total satisfaction or utility the consumer receives from having x

units of the first commodity and y units of the second.) (Answer: X =18,y =8)

5.2 The Lagrange Multiplier
In some problems, we need to compute the Lagrange multiplier A since it has the
following useful interpretation.

Suppose M is the maximum (or minimum) value of f (X, y)subject to the
constraint g (X, y) = K . The Lagrange multiplier A is the rate of change of M
with respect to K. That is,

Hence,
A = Change in M resulting from a 1-unit increase in K.

Example 4

Suppose the editor in Example 2 is allotted $60,200 instead of $ 60,000 to spend
development and promotion of the new book. Estimate how the additional $ 200 will
affect the maximum sales level.

Solution
In Example 2, you solved the three Lagrange equations
30x"’y =1
20x% =4
X+Yy=060

to conclude that the maximum value M of f (X, y)subject to the constrain X+ y = 60
occurred when x =36 and Yy =24 . To find A substitute these values of X and y into the
first or second Lagrange equation. Using the second equation, you get

A=20(36)"" = 4,320
The goal is to estimate the change AM in the maximal sales that will result from an
increase of AK = 0.2 (thousand dollars) in the available funds.

: M : o .
Since A = ((jj_K , the one-variable approximation formula, gives

AM = (;—I\IgAK = AAK =4,320(0.2) =864

That is, maximal sales of the book will increase by approximately 864 copies if the
budget is increased from $ 60,000 to $60,200 and the money is allocated optimally.

Example 5

Suppose the consumer in example 3 has $601 instead of $600 to spend on the two

commodities. Estimate how the additional $1 will affect the maximum utility.
(Answer: AM =0.22)
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Exercises

1 Using X skilled workers and y unskilled workers, a manufacturer can produce
Q ( X, y) =10x’y units per day. Currently there are 20 skilled workers and 40

unskilled workers on the job.

a. How many units are currently being produced each day?

b. By how much will the daily production level change if 1 more skilled
worker is added to the current work force?

c. By how much will the daily production level change if 1 more unskilled
worker is added to the current work force?

d. By how much will the daily production level change if 1 more skilled
worker and 1 more unskilled worker are added to the current work force?

i {irynmamEss x SunygrniBsnamise y sonmmAimERlnmesss
Q(x,y)=10x’y nAm fugtwig 1 fgjiissmsnynitamEgs20mn Sunyniss
nepiged0fnuiEmang 1 A, Hnugwigs mmeslBansinsanm? 8. ihiinmn
ﬁ;ﬁﬁlﬁﬁﬁg’%mﬁgmgﬁétﬁﬁgws invigyfinnygnitamegs 1 mAiginiglutss

EUMS o2 8. Finnsdap@isipyoamdtiins Hnmigutninynids

fmepdes 1 MAIgMeINEsSEumMSENT? w. iHTmMNSGRpEISEwLEY

§uings innuiguiniunymitnméssl of sufnlunynidstam | gunfig)s
ignglinsssigumepng?

(Answer: a. 160,000 units per day, b. 16,400 units per day, c. 4000 units per day
d. 20,810 units per day)

2 A manufacturer can produce electric typewriters at a cost of $80 apiece and
manual typewriters at a cost of $20 apiece.

a. Express the manufacturer’s total monthly production cost as a function of
the number of electric typewriters and the number of manual typewriters
produced.

b. Compute the total monthly cost if 500 electric and 800 manual typewriters
are produced.

c. The manufacturer wants to increase the output of electric typewriters by 50
a month from the level in part b. What corresponding change should be
made in the monthly output of manual typewriters so that the total monthly
cost will not change?

sbnngnmeslamGwerfuimoiiigde sogmpugmwiy Sumbeis
it gl 208amaugmigEh 1 f. gronwagresigiundanypelieuandam
magnufigitudgenybesiutiping ituwmsnln 1 8. aumigiewjusiie i
magliueniuitgs 500 Bunybiveinigs 800iAGIRGa 1 A slnnsHuls
nlasmsgdwenfns sgesonfjruiguginpuywiefiubnEnitmmsurmaisiny

wan 8. 1 iRvgsndnnwayGiweitisngisdapeiegfpywgnys Sdjinpig)
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miusAmwGigiduaupEie?

3 A paint store carries two brands of latex paint. Sales figures indicate that if the
first brand is sold for X, dollars per gallon and the second for X, dollars per gallon,

the demand for the first brand will be D, (x, X, ) = 200—10x, + 20X, gallons per
month and the demand for the second brand will be D, (,,X,)=100+5x, —10x,

gallons per month.
a. Express the paint store’s total monthly revenue from the sale of the paint

as a function of the prices X, and X, .

b. Compute the revenue in part a. if the first brand is sold for $6 per gallon
and the second for $5 per gallon.

i s g mennfinusgsiiuag 1 mumueismiuhnsunmenis
muEIRgGomiE X, NGy Bugimnu iAstloniizx, Snpuywyng 1
a{gimigiuinGondieisy D, (x,x,) =200-10x, +20x, guyuie Sn(gimigiping
GuiIgTaI D, (X, x,) =100+ 5% —~10x, fytsia 1 fi. Grorinignumugjmasn)m
U UEieuuIMsthHsnedieiSigx 54 x, 1 8. ihwiiHsnuimAtauISe 1
AAnsAGAge 10 {IIAge WY ORANFHYIUNG]is BuRIUInsbUAiG SHanfHo
UNgJi 4

4 Theioutput at a certain factory is Q(K, L)=120K**L" units, where K is the

capital investment measured in units of $1,000 and L the size of the labor force
measured in worker-hours.
a. Compute the output if the capital investment is $125,000 and the size of
the labor force is 1,331 worker-hours.
b. What will happen to the output in part a. if both the level of capital
investment and the size of the labor force are cut in half?

sgsnnnmismimss v ingehwsssudQ (K, L) = 120K *°L nritm ekt
ThinaywEs iugEnnmmad iwL héulfninmny gntnmtounygns "4 1.
anainanGanuituiGanstmndisiunnguns 1250008qn suduifninuny
1331iemnyni 1 8. ivimmnsdanu . Suipyegeys Dewmsuitumnuny

SignAgEsEimiugwisiuBmARAu?

5 Ata certain factory, the daily output is Q(K, L)=60K"*L" units, where K

denotes the capital investment measured in unit of $1,000 and L size of labor force
measured in worker-hours. Suppose that the current capital investment is
$900,000 and that 1,000 worker-hours of labor are used each day. Use marginal

9 B ’ a o 5 "
st (NG A SIUTEANT R BB MSIU AYRITAFHIN: TN YNITEN 1

63



Lecture Note Function of Two Variables

analysis to estimate the effect of an additional campital investment of $1,000 on
the daily output if the size of the labor force is not changed. (Answer: 10 units)

isifinnus iy sgendnnusiigiandihwrgaviQ (K, L) = 60K’ L" iamuKH
TRnsywEs idugannmhmag iwL héuifninmny gutamiingn gum
HISNAYRESUEUSMS 9000008AN ifwdtifuinmunyms 100035wnEnI {Hims
B maNAYiE 1 1M mAtte BENsaneAtaGnuisisnayEetes1000 San
uigy msiglbRlnnyuElig ifdvAnTnmNY Sl
6 A grocer’s daily profit from the sale of two brands of orange juice is
P(X,y)=(x—30)(70—5x+4y)+(y—40)(80+6x—-7y)

cents, where X is the price per can of the first brand and y is the price per can of
the second. Currently the first brand sells for 50 cents per can and the second for
52 cents per can. Use marginal analysis to estimate the change in the daily profit
that will result if the grocer raises the price of the second brand by 1 cent per can
but keeps the price of the first brand unchanged. (Answer: $0.12)

RSN sligiuamtinimanminaGruiiias fanfihwasHus
P(X,Y)=(x=30)(70-5x+4y)+(y—40)(80+6x~7y) s 1 x AenigmngH
ywitunidngsmnsse S yRmigungugwitunpisngeungd
UBYgISsEN[IEUIAGEe ALY SOMsHuEATY SuGnipumngdh wATES2 wspH
gwfigy 1 sfmidmeits fdgjindansgivimanipymisisang psiigisafngy
idsmmiinisignige st dgs 1 wspugwitadigmpigsnpsing]
1eEiEm 4

7 Compute all the second-order partial derivatives of the given function
annsuthihuignhtbisn R HsHYsamY

a. f(xy)=5x"y’ +2xy d. f(xy)=4X+y

b. f(x,y):X—Jrl e. f(xy)=x'ye"
y-1
C. f(x,y):exzy

. YA .. .
8 Use chain rule to ﬁnd% . Check your answer by writing z as a function of t and

. . . . . ’ o dZ D =3
differentiating directly with respect to t. I‘[J‘f‘ﬁmSUﬂ,Lnﬁt?JﬁbjiﬁE T IR fHEGEI

Myt MIIzhHsaEsie t juinTiinius t Ehahe
a. Z=X+2y;x=3t,y=2t+1 b. 2=3x"+xy;x=t+1,y=1-2t
c.Z :(2x+3y)2;x=2t,y =3t

9 Use chain rule to find % for the specified value of t
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11

12

13

15

D o dZ ~ o I’
tﬁ?msmgwmﬁﬁjiﬁa IgimuRTBTANSUONA 4

a. z=2x+3y;x=ty=5t;t=2 b z=xXy;x=3t+L,y=t>—1;t=1
c. z=x"yPx=2t,y=2t%t=2
Using X skilled workers and y unskilled workers, a manufacturer can produce
f (X, y) =10xy"? units. Currently the manufacturer uses 30 hours of skilled labor

and 36 hours of unskilled labor and is planning to use 1 additional hour of skilled
labor. Use calculus to estimate the corresponding change that the manufacturer
should make in the level of unskilled labor so that the total output will remain the
same. (Answer: —2.4)

i IngRtamegs xit SHRYRIESNMMESE yitw sdsnrmAmunlnms
f(x,y)=10xy"* e 1 vgygiss sOannEngRme30iew Sungnidstanm3o
THH 1 RORABIMNEN I R A MNURENMOTEUIgE 1 GISastimAni [u{ym
i EhEidusimstnnuRyEstsm tuami g Riatwasimpgite |

At a certain factory, output Q is related to inputs X and y by the function

Q =2x’ +3x’y+ Yy’ . If the current levels of input are x = 20 and y = 10, use

calculus to estimate the change in input X that should be made to offset an increase
of 0.5 unit in input Yy so that output will be maintained at it current level.
(answer:—0.21)

IS HNNUB{HEW output QMTHIRGIGIEN input x iy mutu:HsHud
Q=2%’+3x’y+ Y’ 1 UTMANUFYSIUE input X x = 2084 input yF y = 10 ¥ 1{fjung
aigpine g nsansdtiimantp e input x i¥gjganButimanfiaisiue

o

input y FY1 0.50AM LIMAMIEEA[UTENN outputimisinufingide 1

Suppose the utility derived by a consumer from X units of one comodity and y
units of a seccond commodity is given by the utility function

U (X,y)=(x+1)(y+2). The consumer currently owns x = 25 units of the first

commodity and y = 8 units of the second. Use calculus to estimate how many
units of the first commodity the consumer could substitute for 1 unit of the second
commodity without affecting total utility. ( about 2.6).

quIthmn{i maHisNsmismiroaimadodssxnnm Swumiimeadodss
yarmgi fandithwsgndmagme U (x,y) = (x+1)(y+2) 1 sfdtesugyems
U {B{AIE9 B8 x = 250N BMIUMIHMIEhEgs y = snnm 1 1{HjuEgHiY
i grtndanssuivimaniuaiimcdodssimsnnmitumetgntimaniu(d
[meigl S8 1 nrm W] RgmemitguBaTimanmIHmaae?

The output at a certain plant is Q(X, y)=0.08x” +0.12xy +0.03y” units per day,

where X is the number of hours of skilled labor used and y is the number of hours
of unskilled labor used. Currently 80 hours of skilled labor and 200 hours of
unskilled labor are used each day. Used the total differential of Q to estimate the
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16

17

18

change in output that will result if and additional %hour of skilled labor is used
along with an additional 2 hours of unskilled labor. (Answer: 61.6)

B [REWHBAWS Q (X, Y) = 0.08x" +0.12xy +0.03y* hAm fugwigs idmxAmigs
it D masinunging styFthsssimteuBmatiaisnunyEstng 1
ugygmPiniounyinmigs 801w SufuiununySennasgs 200 Ewfune
18 1 iuuggRint v Hsnud Qidisanstivimanijpuuisslnty itw
RsnmU o vigvsitnitnunyinmigsngaiusuiniununyBetnmigs2iii 4

At a certain factory, the output is Q =120K"?L"* units, where K denotes the capital

investment measured in units of $1,000 and L the size of the labor force measured
in worker-hours. The current capital investment is $400,000 and 1,000 worker-
hours of labor are currently used. Use the total differential of Q to estimate the
change in output that will result if capital investment is increased by $500 and
labor is increased by 4 worker-hours.

mebanmsmhnERywiandhwrsaEsQ = 120K °L” anm iRaK mugjisunsayge
58 Anmmsgan ifwL fAhéuidniununyisudahimunygn o

UBUISIAIDI SiNAEUEeEss 4000008an Sufniununytssl 00018 WMRERT 1 HI[Y
giniiiUnIUITHeRBEQTIMSINSTImAN [ UK R RRRIEuTR g hwans
inuidsisiunAyEstgs 50080 Suuifistniununyies 4 1Ry 4

A grocer’s daily profit from the sale of two brands of orange juice is P(x,y) =

(x —30)(70 = 5x + 4y) + (y — 40)(80 + 6x — 7y)cents, where X is the price
per can of the first brand and y is the price per can of the second. Currently the
first brand sells for 50 cents per can and the second for 52 cents per can. Use the
total differential of P to estimate the change in the daily profit that will result if

the grocer raises the price of the first brand by 1 cent per can and raises the price
of the second brand by 2 cents per can. (Answer: =~ 24 cents)

RSN sligiuadgrufElnsumiimiuigngsiunsiandihwrgnya

) ~

P(x,y) = (x — 30)(70 — 5x + 4y) + (y — 40)(80 + 6x — 7y)ifuS iﬁmmtggagmﬁﬁﬁ’fs
Snppepingde wiwyRmiguswAguisdnyeingd 1 vgusigssinipEpinede
Wiy Somusgugwity Suniguuinstmnigs2msgugwitn 1 g
FUIURIHEHEP BTSNt AN [ ISl (RGN e gigmTRmG I E R
uifisignigesuingdo dgslivspugwity Bunlsiginigsirstodgsmivsgy
HUIAuY

An editor estimates that if X thousand dollars is spent on development and y

thousand on promotion, approximately Q(x,y) = 20x3/2y copies of a new book
will be sold. Current plans call for the expenditure of $36,000 on development and
$25,000 on promotion. Use the total differential of Q to estimate the change in
sales that will result if the amount spent on development is increased by $500 and
the amount spent on promotion is decreased by $500.
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20

21

namEmImANSanstudosmhmasames xmsganiginimiimeny Skymsganigiiimi
BOENsitE imaagfim it (x, y) = 20x*/2y BNUBHHIMATSH 1 18150
RIMMUEYIZIsEMAEAML 36000 AGiubmitmeny 2500080 GmInEn |
gnigsitn s rgnys il dinsaeviman wiguisminiitaRnidihth
rIMITIESEAMETMIme YHTTNAN S008aN SmiugwmIsImuiBmIgiOin
AHGIMIAN 500860

At a certain factory, the daily output is Q (K, L)=60K"*L" units, where K

denotes the capital investment and L the size of the labor force. Use calculus to
estimate the percentage by which the daily output will change if capital
investment is increased by 1 percent and labor by 2 percent.

ISIRINUE S output UEIigRANGIwHSAEEQ (K, L) = 60K LY nm imK#th
Tewnngoss iwLFthsuidninmny 1 shwijusgnigpium gunaigpineg
istinaniyuhman idsmisiunayuuspinsuids Lmamw sudninuny

2 MG

Find the critical points of the given functions and classify them as relative
maxima, relative minima, or saddle points.

SiensssHBaSWN (Y GURBANGEINTE IFUMAMTANUIRGIULSANEGIRjsg Mme IR
hehdnnesiuITIeiy AujuIanE]u gthinnuinuias 9
a. f(xy)=5-x*-y’
b. f(x,y)=2x*-3y
c. f(xy)=xy

d f(xy)= xy+§+§
Xy

e. f(xy)=2x"+y +3x*-3y—12x—4
f.f(xy)=—x"-32x+y —12y+7

A T-shirt shop carries two competing shirts, one endorsed by Michael Jordan and
the other by Barry Bonds. The owner of the store can obtain both types at a cost
of §2 per shirt and estimates that if Jordan shirts are sold for X dollars apiece and
Bonds shirts for y dollars apiece, consumers will buy approximately
40—-50x+40y Jordan shirts and 20+60x—70y Bonds shirts each day. How

should the owner price the shirts in order to generate the largest possible profit?
(Answer: x = $2.70,y = $2.50)

UMMYWRMIGHNIEIAG 1 [UiAE9RMI Michael Jordan gtu{uingigianmi Barry

Bonds 1 atmugquumitiagitisquiagisshuwifidy 28anauomio 1 mainim

|mcf

1GR3 Jordan i xBANHNeM; SmiBondswfiy yEANANoM] I auytigy

HABRSENGMMiJordan HEG (I 40 — 50X + 40y 1§ 81GMMIBonds HEI [PIAIT
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22

23

24

20+60x—70y mi 1 RpamsmIRandiguiismimastywotms Bdiajwema

BIANMREITHE?

The telephone company is planning to introduce two new types of executive
communications systems that it hopes to sell to its largest commercial customers.
It is estimated that if the first type of system is priced at X hundred dollars per
system and the second type at y hundred dollars per system, approximately
40—8X+35Y consumers will buy the first type and 50+9Xx—7y will buy the
second type. If the cost of manufacturing the first type is $1,000 per system and
the cost of manufacturing the second type is $3,000 per system, how should the
telephone company price the systems to generate the largest possible profit?

nuiisgig ywipnusuhiuinmuiswivimigmunnuagsgshijmasitugnisms
munsSawAgigEastsmIigRy G otgawainns 1 mitem iWashpigpasde
wRFEATY X iwganpue iy Bupihginstomigunisy iwanguo uilg
imenitnatgsuinm40-8x + 5y Budmuiguinge iNwHABNSEIs MM

50+9x—7y @i BuGMUOgAssh 1 HsiTiammwigiRuimInwnpiguiAsse

1638411000 8Nt W pig BipiAsEiIgE3000 8 AU Y UNg imeiivsgiin

mIRnndigmitmeEdigjnsmAtinmaaiigee
A manufacturer is planning to sell a new product at the price of $150 per unit and

estimates that if X thousand dollars is spent on the development and y thousand

. . . : 320y 160x
dollars is spent on promotion, consumers will buy approimately ) + ")
y+2 X+

units of the product. If manufacturing costs for this product are $50 per unit, how
much should the manufacturer spend on development and how mnuch on
promotion to generate the largest possible profit from the sale of this product?
(Hint: Profit=(number of units)(price per unit—cost per unit)—totla amount spent

on development and promotion) BUHATEA HAARHHBUTYUIUASSARTES0
gangsennm iNwmaitiusdiamaigibminmbnsgexmstan Sndminjonnusss
320y 160X

+ " DRMISRIBHR 9 iTasthEame
y+2 x+4

ymsgan ineuidnesudméssipivm

ipfmehindnnusinesgSusoganauonrim iRumbRmIRISAMwIGmMIRGITNs

SEUTMIRORNWUMS g mAtANDMIuARU RIS gHT§H?
(Answer: $4000 on development and $6000 on promotion)

A dairy produces whole milk and skim milk in quantities X and y gallons,
respectively. Suppose that the price of whole milk is p (X) =100 — X and that of

skim milk isq(y)=100—y and assume that C(X, y) = x>+ xy + y’is the joint-
cost function of the commodities. What should X and y be in order to maximize
profit? mighnBmHuTmANGmhermyRwngnitheim whole milk SuGnithsim
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26
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29

30

31

32

skim milk FuSESSxBayINGIIHm 1 gumHigErtherm whole milk &
p(x)=100- x BuSnithsimskim milk & q(y)=100-y ifuwgnthAgAyssames

IRC(x,y)=x"+xy+y’ 116 xBaygrmnsaiyigsiddigmasinmmeiinfuim

LU el

A dairy produces whole milk and skim milk in quantities X and y gallons,
respectively. Supose that the price of whole milk is p(X)=20-5x and that of

skim milk is q ( y) =4 -2y and assume that C (X, y) =2Xy +4 is the joint-cost
function of the commodities. What should X and y be in order to maximize profit?
(Answer: x = 2,y = 0).

Find the maximum value of the function f (X, y) = Xy subject to the constraint
X+y=1.gnnriuianuangaus f (x,y)=xy imswneaiiss x+y =11

Find the minimum value of the function f (X, y) = x> + y* subject to the
constraint Xy =1 1 iRuUjUINIUEHEAS f (X, y) = X" + y’ ipnswFennitsxy =1
Find the minimum value of the function f (X,y)=x*+2y* —xy subject to the
constraint2X+Yy =22.

Find the minimum value of the function f (X, y) = x> — y* subject to the

constraint X> +y* = 4.
Find the maximum and minimum values of the function
f (X, y) =8x* —24xy + y’ subject to the constraint x> +y* =1.

A manufacturer has $8,000 to spend on the development and promotion of a new
product. It is estimated that if X thousand dollars is spent on development and y

thousand is spent on promotion, sales will be approximately f (X, y) =50x"2y*?
units. How much money should the manuacturer allocate to development and

how much to promotion to maximize sales? RUHRTNATSI000MSBANI [T
SamemigliimInss SufoRNWRLRNUTYW 1 nitugninTiisamm xmaganigis
MIBR Shymsgamelimigjosne imsawfhsime f (x,y)=50x"y¥* anm
innwaRpRutsRGubMItUaTHS Mgl miyospwinsB§ajmiufig R
RIHRUIM?

If x thousand dollars is spent on labor and y thousand dollars is spent on
equipment, the output at a certain factory will be Q(X, y) = 60x"*y* units. If

$120,000 is available, how should this be allocated between labor and equipment
to generate the largest possible output?iTiAsAMuXMSLAMSHTAINURY Sity

mSgsinia I IstgsnUnsusminsERwimdhwQ(x, y) = 60Xy
DA 1 10TAE812000080N isifaaRniisANgEY st Y] Sgstuatmmsia

HAUTT?
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34

35

36

A manufacturer is planning to sell a new product at the price of $150 per unit and
estimates that if X thousand dollars is spent on development and y thousand

320y _ 160x

y+2 Xx+4
will be sold. The cost of manufacturing the product is $50 per unit. If the
manufacturer has a total of $8,000 to spend on development and promotion, how
should this money be allocated to generate the largest possible profit? (Hint:
Profit=(number of units)(price per unit—cost per unit)—total amount spent on

development and promotion.) BBHATEAIMUAARTARUSRNRTE1S08ANHReNTm

dollars is spent on promotion, approximately units of the product

NG RBITIREAMWXMSLANIGTIBMINGH Sy masanigilmijonnw iees

2 160X = . o o o - .-
320y +i sﬁmimﬁmﬁ q tgtﬁmmmmmﬁﬁsws}uﬂ 9 JURAIEITHITS

BRI NAT
y+2 Xx+4

8000 ZANAITMUBAMMITMIRIE Burgognts imsimmanviisnguymitg|g]ma
sianesuIE? (angi: [mAsAne=dgsnnm CGguAnRonnm-igEmwIsenmn -

BAMETE U MIBLRSHRORNUH 9
If x thousand dollars is spent on labor and y thousand dollars is spent on
equipment, the output at a certain factory will be Q(X, y)=60x"’y** units. If

$120,000 is available, how should this be allocated between labor and equipment
to generate the largest possible output? Use Lagrange multiplier A to estimate the
change in the maximum output of the factory that will result if the money

available for labor and equipment is increased by $1,000. 1Tt AMEBX AL 161
IBALIMNURY Sty maganigiibumi: insGgRuBmlins [HYwRMNGIWHSRYS
Q(x,y)=60x"y* afm 110818120000 AN [NTEAM INSTHRIARIGAMITUAL
NRYTMS SHubp L iRity]gjmeGsnmgaigae iiunugnips 1 ityjnsans
sttt iR finstuimissgnuuamnusmTmuiistamwtss 100080 4

A consumer has $280 to spend on two commodities, the first of which costs $2

per unit and the second $5 per unit. Suppose that the utility derived by the
consumer from X units of the first commodity and y units of the second

commodity isU (X, y) =100x"*y"” . How many units of each commodity should
the consumer buy to maximize utility? #HBHSMAMSEAML 280 BTGBV 1D
mefliag 1 [insdo iR2aMnpuonnm SumAsEbigsianmueanm 1 qunIH
HE[DIINRSIBUMSE RN A [UineGotgsxnnm Shiuat{Dmi [uingsbEssy
anmAnnfEhwHgAsEU (x, y) =100x"7y"” 1 ifuRSnenImiuaii|y e [uins
SywougsnmmEgneauingNGSitumssn Msfinnivin?

A consumer has k dollars to spend on two commodities, the first of which costs a

dollars per unit and the second b dollars per unit. Suppose that the utility derived
by the consumer from X units of the first commodity and y units of the second
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commodity is given by the Cobb-Douglas utility functionU (X, y) =x“y”  where
0<a<land a+ £ =1. Show that utility will be maximized when

ka kp

X=— andy= S HRBRSWIAMS K SAN (MUSAMiSbIumi I [N {Iing 4
a

[wirg8o g aganpuonmim Buwingdbis bianntonnm 1 aum®

HR{UIINRE TS ERNA DM [Uinggotgax nnm SNua{T{ma[rinegbigsy

armAnnfEhwRgAss U (X, y)=x“y’i8w0<a <1 and o+ =1 1 GIuinme

- - e = ka k
HERUSHA[UILNRENSHHETTITITX =— andy = LI
a
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Chapter 4

Linear Programming (LP)

1 System of Linear Inequalities in Two Variables

Example 1

A manufacturer makes two grades of concrete. Each bag of the high-grade concrete
contains 10 kg of gravel and 5 kg of cement, while each bag of low-grade concrete
contains 12 kg of gravel and 3 kg of cement. There are 1,920kg of gravel and 780 kg
of cement currently available. The manufacturer can make a profit of $1.20 on each
bag of the high-grade and $1.00 on each bag of the low-grade concrete and wishes to
determine how many bags of each grade to make from the available supplies to
generate the largest possible profit. Formulate this problem in mathematical terms.

Solution
We summarize the problem by the table as follows

High-grade | Low-grade Amount
(kg) (kg) available(kg)
Gravel 10 12 1,920
Cement 5 3 780
Profit per bag 1.20 1.00

If we let H denote the number of bags of high-grade concrete produced and L denote
the number of bags of low-grade cencrete produced, we can represent the
manufacturer ‘s profit P by the linear function
P=1.20H +1.00L
with the constraints
10H +12L <£1,920 for gravel

5H +3L <780 for cement
and also, number of bag must be non-negative. Hence H >0 and L > 0. Therefore the
problem can be stated mathematically as follows:
Maximize the profit function P =1.20H +1.00L
Subject to the constraints
10H +12L <1,920
5H +3L <780

H,L>0
Note that in this problem, the optimum point we seek lies in the solution set of a
system of linear inequalities.
1.1 Graphing a Linear Inequality in Two Variables
When a plane is divided in half by a line, each side is called a half-plane. A vertical
line divides the plane into left and right half-planes, and any nonveritical line divides

the plane into upper and lower half-planes.
There are four different kinds of inequalities in two variables that can arise:
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Ax+By<C Ax+By<C Ax+By>C Ax+By>C
where A, B, and C are constants with at least one coefficients A, B not zero. If the
equality invelves < or >, the half-plane is open, and we use a dashed line to indicate
that the boundary line is not part of the solution set. If the inequalities involves
< or>, the half-plane is closed and we use the solid line to indicate that the boundary
is part of the solution set.

Example 2
Graph the inequality x+2y <4

x+2y\=4 A

~
~

x+2y<4/\\\\’/—da5hed line

»
>

~
~

~
~
~
~
~
~
~

Procedure for Graphing a Linear Inequality in Two Variables
To graph an inequality of one of the forms

Ax+By<C Ax+By<C Ax+By>C Ax+By>C

we proceed as follows:

1. Graph the coresponding equation Ax+ By =C . Use a dashed line
for this line in the < and > cases, and a solid line in the < and >
cases.

2. The solution set is the half-plane on one side of the boundary line.
To determine which side, choose a test point P(a, b) not one the

line and check to see if the coordinates a and b satisfy the given
inequality.

Example 3
Graph each of the following inequalities:
(@ 2x-y=>5 (b) 3x+y>0 (c) x<4

1.2 Solving Systems of Linear Inequalities
To solve a system of linear inequalities such as

X+y<4

3X+5y<?2
or 3x—-y<2

X—-2y>7
X+2y>3

we must find the set of all points (x, y) that satisfy all the inequalities in the system

simultaneously. In general this solution set will be a region of the plane, which we
shall refer to as the feasibility region for the system of inequalities. To obtain the
feasibility region of a given system of linear inequalities, we first gragph the
individual inequalities in the system on the same set of coordinate axes and then take
the intersection of these individual graphs.

Example 4
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Graph the feasibility region for the following system of inequalities
3x—y<2
X+y=>6
Corner Point

A corner point of a particular feasibility region R is a point in R where two of
the boudary lines of R intersect.

Example 6
Graph the feasibility region for the following system of inequalities:
2X—-y =5
3x+y>0
X<4
Answer: the corner points (1,—-3) (4,3) (4,-12)
Example 7

Graph the feasibility region and find the corner points for the following system of
inequalities:
10H +12L <1,920

5H +3L <780
H,L>0
Answer: the corner points (156,0) (120,60) (0,160) (0,0)

2 Geometric Linear Programming

In general, a linear program in two variables x and y consists of a linear function

f =ax+by called the objective function that is to be optimized (maximized or
minimized) subject to a system of linear constraint inequalities. The variables x and y
are called decision variables, and the solution set of the system of inequality
constraints is called the feasibility region.

The Corner Point Theorem
If a linear program has an optimal solution (maximum or minimum), it must
occur at a corner point of the feasibility region.

Geometric Method for Solving a Linear Program with Two Decision

Variables

1. Graph the feasiblity region R and find the coordinates of all corner points
of R.

2. Make a table evaluating the objective function F at each corner point.

3. If R can be contained in a circle it is bounded. In this case, the largest
(smallest) value of F on R is its largest (smallest) value at a corner point.

4. 1f R cannot be contained in a circle, it is unbounded, and an optimum
soluion may not exist. However, if it does, it must occur at a corner point.

Example 1
From the example 1 in section 1, how many bags of each grade should be made up
from available supplies to generate the largest possible profit?
Solution
To maximize
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P=12H+L
Subjecto to
10H +12L <£1,920
5H +3L <780
H,L>0
LA
R
(0,160)
H
(0,0) (156, o)\ 10H +12D<1,920
Corner Value of
Point P=12H +L
(156,0) 187.2
(120,60) 204
(0,160) 160
(0,0) 0

From this table, we see that the largest value of the objective function over the
feasibility region occurs at the point(120, 60).

Example 2

Find the largest and the smallest values of F =3x+ 4y subject to the following
inequalities:

R X+3y <15
4x+3y<24
X,y=>0
T34
oo] (60 -
X+3y=15
\4x+3y24
Corner Value of
Point P =3x+4y
(0.0) 0
(0,5) 20
(3,4) 25
(6,0) 18

75



Lecture Note Linear Programming (LP)

Thus, the largest value of F is 25 at (3, 4), and the smallest value is 0 at the origin.

Example 3
What can be said about the largest and samllest values of the function F =4x+3y

subject to the following inequalities:

X+y=>7
A SX+ 7y >45
X,y>0
(0.7)
2,5)
(5.0)

From the figure the feasible region R is unbounded (it cannot be contained in a circle)
and that its corner points are(0,7) (2,5) (9,0). This suggests that there is a

smallest value of F and R but no largest value. Evaluating the corner points of R, we
obtain the following table:

Corner Value of
Point F =4x+3y
(0,7) 21
(2,5) 23
(9,0) 36

Thus, the largest value of F doesn’t exist and the smallest value of F subject to the
given constraints is 21 which occurs at the point where x=0andy=7.

Example 4

A farmer prepares feed for livestock by combining two grains. Each unit of the first
grain costs 20 cents and contains 2 units of protein and 5 units of iron, while each unit
of the second grain costs 30 cents and contains 4 units of protein and 1 unit of iron.
Each animal must receive at least 10 units of protein and 16 units of iron each day.
How many units of each grain should the farmer feed to each animal to satisfy these
nutritional requirements at the smallest possible cost?

Solution
For convenience, we construct the following table
Grainl | Grainll | Minimal Requirement
Protein 2 4 10
Iron 5 1 16
Cost 20 30
If we let

X: number of units of grain | fed daily to each animal
y: number of units of grain 11 fed daily to each animal
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we can represent the farmer’s cost by the linear function C =20x+ 30y and the
nutritional requirements by the linear inequalities 2x+4y >10and 5x+ Yy >16. The

resulting linear programming problem is to minimize the objective function
C =20x+30y subject to
A

4 2x+4y >10
5X+Yy>16
(0,16)\ Xy20
2x+4y;%0\ 3.1)
~(50) >
[
X+y=16
Corner Value of
Point F=4x+3y
(0, 16) 480
(3,1) 90
(5, 0) 100

Since 90 is the smallest of these values, the corresponding corner point (3, 1) must be
an optimal solution. We conclude that to satify the nutritional requirements at the
smallest possible cost, the farmer should feed each animal 3 units of grain I and 1 unit
of grain Il each day. The minimal cost is then 90 cents per animal.

Exercises

1 Inthe following problems, graph the feasibility region of the given system of
linear inequalities. Find the coordinates of all corner points. Giges S USRS

wsisE wiunuhgindmiswiny PegimginieistuEmE [N |

X+Yy<3
4x+5y <9 X+y<7
2X+3y <0 X—2y<0
1. 2. 2x-y2>1 3. 2x+3y <16 4
X+7y=>0 X+y<3
y>0 X,y>0
X,y>0

Formulate the given problem as a linear program
BIInAUEgSinmenyl higiRrennmuine Bemdiths fanw

2 Ata local leather shop, 1 hour of skilled labor and 1 hour of unskilled labor are
required to produce a briefcase, while 1 hour of skilled labor and 2 hours of
unskilled labor are required to produce a suitcase. The owner of the shop can
make a profit of $150n each briefcase and $20 on each suitcase. On a particular
day, only 7 hours of skilled labor and 11 hours of unskilled labor are available,
and the owner wishes to determine how many briefcases and how many suitcases

to make that day to generate the largest profit possible. $S1HMIMURIBHSHATAREDH
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suAtiangw iRERGahougsgwAgimiolsnurytamehy Sudmuinunyss
Smeprotinistar gy Sunsh@ndlmngimidaiununytamoriy  Burniunwnygde
SNMBEsITM 1 MEdtmUmstiang oEtannNwgERYw Y 8 BogannhwuEs Yo |
nugwigamgwin: s ieiaeunytng Sustaquaiaiiin Stootuium
tagigme 1 shisipuigmangiGniauihdogeins  SusimaRdgmemisang
BEITTHE?

3 Addietician is planning a meal consisting of three foods whose ingredients (per
unit) are summarized in the following table:

Ingredients Food | | Food Il | Food Il
Units of protein 5 10 15
Units of carbohydrates 2 3 2
Units of iron 3 6 1
Calories 60 140 120

The dietician wishes to determine the number of units of each food needed to
create a meal containing at least 30 units of protein, 8 units of carbohydrates, and
10 units of iron, with as few calories as possible.

HRANeMMITY MBS s udnumigwinuisumeyegusgemysitui i}y

#jFHONAN MSYEFMNteNn{myILs

A mmil | mmill | smi i
gsunmisinfe 5 10 15
SesnRMMUSH e 2 3 2
fgsunmisanihinn | 3 6 1
meji 60 140 120

FRimmawmissmminsuisaniigsanmisyeyuiytodiamemmigmanitn
MSUMINIMEMA[UIHHS 300RM MyUsHEhasanm Sutiianl0nnm Shfinme)t fv

GRemuitumEEms 4

Use graphical technique to solve the given linear programming problems
SN[ AILTE BIENE AT B ISR ET GhUIS AT eI [E
4 Find the largest and smallest values of F =5X+ y subject to
BIRHIgEiEH SugsignunngnydF =5x + y iymuingag
4x+3y <24
Xx+3y <15
X,y=>0

5 Find the smallest value of F =20x+80y subject to:
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10

4x+y=>8
2X+3y >14
2X+5y>18
Does Fhave a largest value on this feasibility region?
I F BISHTYRUSE 1518 USSR MSISHITLIIS HInsaiumi6-8 2
Maximize and minimize the function F = 3x+ y subject to the following

constraints
3x-2y=>0

3x+y<18
y>3
X,y >0
Minimize the function F =2x+ 3y subject to the following constraints
X+3y>19
4x+5y >34
3X+2y =22
X,y >0
Minimize the function F =3x+ y subject to the following constraints
3x+5y <38
X—3y<-6
2X+Yy>9
X,y=>0
At a local leather shop, 1 hour of skilled labor and 1 hour of unskilled labor are
required to produce a briefcase, while 1 hour of skilled labor and 2 hours of
unskilled labor are required to produce a suitcase. The owner of the shop can
make a profit of $150n each briefcase and $20 on each suitcase. On a particular

day, only 7 hours of skilled labor and 11 hours of unskilled labor are available,
and the owner wishes to determine how many briefcases and how many suitcases

to make that day to generate the largest profit possible. tmgamﬁﬁﬁjﬁﬁﬁmﬁﬁﬁiﬁ
suAtiangw iBeRGahougsgwApimioisnuryameiiy Sudnuiununyss
Smepfiorimstar e Simsh@mmiagimisatunwnytamoiy  Busniunwryss
SNMBEsIT™ 1 MEdtmumstiang oEtaNnNwgERYw Y 8 BogannhUuEsYLwo
nugwigamgwin: imnsHiaiaeunytng Sustaquaiaiiiy Stootuium
tagims 1 ihsignigmangmd@atuushOugeigs  Sudmeldigjmsmisaneg
SEITTHE?

Shipments from one wholesaler contain 3 units of item A, 6 units of item B, 4
units of item C, and cost $20. Shipments from a second wholesaler contain 12
units of item A, 3 units of item B, 3 units of item C, and cost $26. If a retailer

requires at least 396 units of A, 288 units of B and 255 units of C, how many
shipments from each wholesaler should be ordered to minimize total cost?
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